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Abstract

The fractional Brownian motion (fBm) is parameterized by the Hurst exponent
H € (0,1), which determines the dependence structure and regularity of sample
paths. Empirical findings suggest that the Hurst exponent may be non-constant
in time, giving rise to the so-called multifractional Brownian motion (mBm). The
It6-mBm is an alternative to the classical mBm, and has been shown to admit
more intuitive sample path properties in case the Hurst function is rough. In this
paper, we show that the Ito-mBm also allows for a simplified statistical treatment
compared to the classical mBm. In particular, estimation of the local Hurst pa-
rameter H(t) with Holder exponent 1 > 0 achieves rates of convergence which
are standard in nonparametric regression, whereas similar results for the classical
mBm only hold for the smoother regime 1 > 1. Furthermore, we derive an estima-
tor of the integrated Hurst exponent fg H(s) ds which achieves a parametric rate
of convergence, and use it to construct goodness-of-fit tests.

1 Introduction

Fractional Brownian motion (fBm) is a centered Gaussian process Bff with covariance
function Cov(X,, X;) = 1([t|*" + |s|*" — |t — s|*), for a scale parameter o > 0 and a
so-called Hurst-exponent H € (0,1). It admits the Mandelbrot-van Ness representation

L e -
By = m/md[(t—5)+ — (=s)3 *]dB;,

where By is a standard Brownian motion, and (z); = x - 1,~9. The fBm and related
processes have been widely applied in diverse fields, e.g. in modeling turbulent flows
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(Corcuera et al., 2013; Chevillard, 2017) or stochastic volatility in financial markets
(Gatheral et al., 2018). The Hurst exponent H is of major interest, as it governs the long-
range dependence of the process, the regularity of sample paths, and the self-similarity.

In some applications, e.g. when analyzing stock market efficiency (Frezza et al.,
2021), sun-spot data Bibinger (2020), or network traffic (Bianchi et al., 2004), empirical
evidence suggests that a single Hurst exponent H is not sufficient, and a temporally-
varying Hurst exponent H; should be considered. A nonstationary generalization of the
fBm, the multifractional Brownian motion (mBm), has been introduced by Peltier and
Lévy Véhel (1995) as

t
Hy—1 Hy—1
X= [ olt-9tt - (-9l s, 1)
See also Stoev and Taqqu (2006) for related definitions of mBm. Recently, Ayache et al.
(2018) suggested an alternative nonstationary generalization of the fBm, given by

t 1 1
Y= [ o=t - (-9l Ha. @)
Following Loboda et al. (2021), we refer to (1) as the classical mBm, and to (2) as Ito-
mBm. Both processes behave locally like a fBm, i.e. h=H (X, — X;) = B}Il{t as h — 0.
Thus, they are both valid candidate models for nonstationary extensions of the fBm.
Probabilistic and statistical analysis of the classical mBm is facilitated by the fact that
its covariance function admits an explicit expression (Stoev and Taqqu, 2006, Thm. 4.1).
On the other hand, the Ito-mBm is well-defined as It integral if the Hurst exponent
H,; is an (adapted) stochastic process. Moreover, the latter process has been shown in
Loboda et al. (2021) to have attractive analytical features, see also Ayache and Bouly
(2021). In particular, the local Holder coefficient at time ¢ is min(n, H;) for the classical
mBm (Herbin, 2006, Prop. 13), and simply H; for the It6-mBm. The goal of this paper
is to demonstrate that the It6-mBm is not only preferable from an analytical point of
view, but also allows for improved statistical inference compared to the classical mBm.

Estimators for fBm from low-frequency observations Xj,..., X, are reviewed and
compared by Bardet (2018). Optimality of the MLE has been established by Cohen et al.
(2013), and by Brouste and Fukasawa (2018) for the high-frequency regime Xy ,,, ..., Xj.
Local nonparametric estimators for the classical mBm (1) have be introduced by Coeur-
jolly (2005), Bertrand et al. (2013) and Bardet and Surgailis (2013). More recently, Shen
and Hsing (2020) developed rate-optimal local nonparametric estimators of H; exploiting
higher-order smoothness. Lebovits and Podolskij (2017) estimate the global regularity
min, H;, and Bertrand et al. (2018) describe a goodness-of-fit test for the Hurst function.
Further works on estimation of the mBm include, among others, Pianese et al. (2018);
Garcin (2017); Bianchi et al. (2013). Estimation for some alternative non-stationary ex-
tensions of fBm allowing for irregular H, is studied by Benassi et al. (2000) and Ayache
and Lévy Véhel (2004); Ayache et al. (2007).

The limitation of all works on the classical mBm (1) is that they require t — H,;
to be Holder continuous with exponent n > sup, H;. This restriction is necessary to



ensure a good local approximation of the process by a stationary fBm, see e.g. (Bardet
and Surgailis, 2013, eqn. 7.14). For the It6-mBm, the only statistical treatment to date
is due to Ayache and Bouly (2023), showing uniform consistency of a localized Hurst
estimator. Their estimator is analogous to the estimator we propose below, but the
rate derived therein is slower, indicating that their asymptotic analysis is suboptimal.
Here, we study two estimators H, (u) and H(u) based on local polynomial regression,
which achieve the rate n ="+ for 5 < 1 (exactly for PAIJL, and up to logarithmic factors
for f[n) This rate is standard in nonparametric estimation, and our results show that
estimation of the Ito-mBm works just as expected — in stark contrast to estimation of
the classical mBm, where estimators in the regime 7 < 1 admit non-standard rates of
convergence (Bardet and Surgailis, 2013). In view of its elegant analytical and statistical
properties, we propose the [t6-mBm as canonical nonstationary variant of the fBm.

Beyond the local estimation of H;, we derive an estimator H(u) of the integrated
parameter H(u) = fou H,dv, and the error H-—H converges to a Gaussian process
at rate /n. We use this estimator to construct a changepoint test for constant Hurst
exponent, and goodness-of-fit test for the function ¢ +— H;. An important feature of
both tests is that they are robust to a non-constant volatility o;, which constitutes a
nuisance under the null hypothesis. Our mathematical results are based on a functional
central limit theorem for locally stationary time series established in Mies (2024), and
the proof technique linking methods for stochastic processes in discrete and continuous
time might be of independent interest.

The pointwise nonparametric estimator of the Hurst exponent is studied in Section 2.
The integrated parameter estimator is introduced in Section 3, including the changepoint
test and the goodness-of-fit test. All technical proofs are gathered in the Appendix.

2 Local nonparametric estimation

Performing high-frequency inference for the the It6-mBm (2), we want to estimate the
exponent H, nonparametrically, using discrete observations X1, ..., Xx. For simplicity
of exposition, we suppose that X_ for k£ = 1,2, 3 are also observable, and we define the

second order increments as

Xipn = Xi —2Xiz1 + Xizz, i=1,...,n,
Xin = Xi —2Xi2 + Xioa, i=1,...,n.

Our estimation procedure is based on the change-of-frequency principle introduced by
Kent and Wood (1997), which is a special case of the quadratic variation estimator of
Istas and Lang (1997), and has also been used by Coeurjolly (2001): If H, = H and
0, = o are constant, the self-similarity of the fBm yields E(x7,)/E(x?,) = 2°7, such
that the moment estimator given by H = $logy (32, X2,/ >-; X2,) is consistent at rate
v/n. For estimation of the Ito-mBm, we use the same idea, but localize the moment
estimator around time u € (0, 1). To this end, we use a kernel function K : R — [0, 00)



satisfying

K(z)dx =1, K(z) =0 for |z] > 1,
[ ®

{z : K(x) > 0} has positive Lebesgue measure.

and a bandwidth b = b, > 0, denote Ky(z) = ;K(%). For a bandwidth b = b, > 0,
denote Kj(z) = 1 K (%), and for any u € (0, 1), consider the locally weighted polynomial
regression (Fan and Gijbels, 1996; Tsybakov, 2008)

manKbn L— ) (ié’") — q(%)

where the minimum ¢* is determined among all polynomials ¢ : (0,1) — R? of degree I

2

I

We use gn(u) = ¢*(u) as moment estimator at location u. It is well known (Tsybakov,
2008, Lem. 1.3 & Prop. 1.12) that the estimator admits the linear representation

b = S wint) (7).

and the weights satisfy, for some universal C' > 0, and for all u € [b,, 1 — b,],

(i) sup; [win(u)] < %a

)
(i) D2y [win(u)| < C,
(ili) wip(u) =0 for |£ —ul > b,
(iv) S win(u) =1and Y7 (£ —u)fw;,(u) =0 for k=1,...,1

Remark 1. If K is supported on [—1,0] such that still {z € [-1,0] : K(z) > 0} has
positive Lebesgue measure, then the latter properties (i)—(iv) hold for all u € [b,,1].
Similarly, if K is supported on [0, 1], then (i)—(iv) hold for all w € [0,1 — b,,]. Moreover,
if K(z) > Kol(|]z| < 1) for some small 7 > 0 and K, > 0, then properties (i)—(iv) hold
for all u € [0, 1].

We estimate H, via the log-ratio estimator

ﬁn(u) = <% log, (Z%ZTEZ;)) VO AL

Theorem 1. Suppose that v — 0, :_(av, H,) is Hélder continuous with exponent n €
(0,1 +1], and that 0 < H < H, < H < 1 for allv, and 0 < ¢® < 02 <% < c0. If
b, < n? ! for some q € (0,1), then for any p > 2,

H,(u) = H,+ Oy, (10g(n)“” by + ) + O (log(n)n~ ") .

1
\vnb,



The bound holds uniformly for 0 € [0%,5%] x [H, H|, and u € [b,,1 — b,]. The upper
bound is minimized for b, =< n" T log(n)_%gfl , so that

ﬁn(u) =H,+ 0, <log(n)2;%n_2v%> .

Remark 2. Under the conditions described in Remark 1, the bounds of Theorem 1 and
Proposition 8 in the appendix can be extended to u € [by,, 1], u € [0,1—b,], and u € [0, 1],
respectively.

For the locally constant variant, i.e. [ = 1, this estimator is the same as the one
considered by Coeurjolly (2005) for the classical mBm. Central to this approach is
the scaling relation E(X7,)/E(x?,) ~ 2*%/», and the estimator H(u) utilizes this by
estimating the mean first, and then taking the ratio. An alternative approach pursued
by Shen and Hsing (2020) is to take the ratio first, and smooth second. This leads to
the local polynomial estimator

~ 1 & X2
H'(u) = 3 Zwm(u) log, (X;n> .
i=1

2,n

Again, we may constrain the estimator manually to the interval [0,1]. It turns out
that this estimator leads to an improvement of the rate of convergence by a logarithmic
factor. Compared to the results of Shen and Hsing (2020) for the classical mBm, we
show that this estimation approach, when applied to the Ito-mBm, also works for less
smooth Hurst functions with Holder exponent n < 1.

Theorem 2. Under the conditions of Theorem 1, the estimator ﬁ;fl satisfies

ﬁl(u) =H,+0(b))+ O, (ﬁ) +0 (log(n)n—(lAn)) .

The upper bound is minimized for b, < n_Tlﬂ, so that
Hi(u) = H, + Oy, (n_#> :

Remark 3. The estimator of Shen and Hsing (2020) achieves the rate O((n log(n)?)~=7).
The logarithmic advantage can be attributed to the fact that they suppose o to be
constant in time. It may thus be estimated at a faster rate, and is essentially known for
the local estimation of H,, which allows for slightly better estimation of the latter. The
same phenomenon of logarithmically faster rates if ¢ is known has been shown for the
stationary case of the fBm (Brouste and Fukasawa, 2018).

Remark 4. The slower rate of the estimator ﬁu is due to a logarithmically larger bias
of the estimator an(u) In particular, Lemma 3 in the appendix shows that Exin ~
n2Hi/nai2/nF H, /n(O), and since H appears in the exponent, differentiating with respect to
H to control the bias yields additional terms of order log(n).



3 Integrated parameter estimation

Another approach to treat the Hurst parameter nonparametrically is via the integrated
parameter

H(u) = /0 H, dv.

Interest in this functional arises because many hypotheses about H, may be formulated
in terms of H(u). For instance, the no-change hypothesis H, = H, for all v is equivalent
to H(u) = uH(1); monotonicity of H, is equivalent to convexity of H(u); and H, > H
is equivalent to H(uz) — H(uy) > H(ug — uy) for all ug > u;. We will discuss these
examples in detail below.

A naive estimator for the integrated Hurst parameter H(u) can be obtained by
integrating the local estimator, i.e. H(u) = Iy ﬁn(v) dv. However, as discussed in (Mies,
2023), this estimator will in general be asymptotically bias-driven. Instead, we employ a
generic linearization procedure which has been introduced in (Mies, 2023) in the context
of locally-stationary time series. To this end, we propose the estimator

Lun]

R 1 ~ Xtn n
H(u) = - Z {Hn<%) + A } ;

t=2L 2¢n2(%) 2¢n71(%)

where H, uses a kernel which is supported on [—1,0]. That is, ﬁn(%) only uses data up
to time *.
n

Remark 5. If t < [nb,], the one-sided estimators ggn(%) and ﬁn(ﬁ) effectively use the

bandwidth % < b,. This is due to the boundary adaptation of the local polynomial
regression.

Theorem 3. Suppose that v |—>_9v = (ov, H,) is Hélder continuous with exponent n €

(%, 1], and that 0 < H < H, < H < 1 for all v, and 0 < ¢ < 02 < 7% < oo. Suppose
furthermore that b,, L, are chosen such that

nTrtn & b, < T for some r € (0, %),

o for some § € (0,3).

nz" log(n)® < L, < nz- '3

Then, as n — oo

~

Va(H(u) — H(w) = /Our(Hv) aw, £ W (/Ou 2(H,) dv> ,

in the Skorokhod space D[0,1]. The local asymptotic variance T>(H) is defined in (14).

Remark 6. The condition on L, is rather weak, and any choice L, =< n® for some
a € ( %, %) will satisfy the conditions. The choice of b,, basically needs to ensure that the
local estimator (En(u) and hence H,(u), admits a sufficiently fast rate of convergence of
order O(n’i’%). The feasible range of choices for b,, allows for this rate to be driven by

bias or variance, and may always be satisfied for n > %



o 72(H,) dv. To perform sta-
tistical inference, we may estimate this process via the plug-in method as ¥(u) =
%o, T (Ha(E):

Theorem 4. Under the conditions of Theorem 3, sup,ep 1 )E(u) - i](u) 5o,

We denote the limiting variance process by 3(u) =

~

That is, the limiting process W (X(u)) of Theorem 3 is approximated by W (3(u)),
which allows for feasible statistical inference. In the next two subsections, we proceed
to describe two specific hypothesis tests based on the estimator for the integrated Hurst
parameter.

3.1 Testing for constant Hurst exponent

The estimator for the integrated Hurst exponent can be used to test for a constancy,
that is, to treat the statistical problem

Hy : H, constant <« H; : H, not constant.

Rejecting Hy is interpreted as evidence that a model based on fBm is not sufficient,
and multifractional extensions need to be considered. This problem has been studied
by Bibinger (2020). Therein, the specific multifractional model, i.e. It6-mBm (2) vs
classical mBm (1), does not matter, because the process is stationary under the null.
Bibinger (2020) employs a CUSUM statistic based on the squared increments x7,,. The
test is applied to sunspot data, finding evidence for nonstationarity. A methodological
limitation of the referenced method is that it will detect both changes in ¢, and in H,,
and a post-hoc analysis is necessary to distinguish both types of changes. In contrast, we
would like to design a test which is only sensitive to changes in H,, while being robust
against changes in o,. That is, we treat the volatility as a nuisance. The relevance of
allowing for nonstationary nuisance quantities under the no-change null hypothesis was
first recognized by Zhou (2013), and further developed by Dette et al. (2019); Gérecki
et al. (2018); Pesta and Wendler (2020); Demetrescu and Wied (2018); Schmidt et al.
(2021); Cui et al. (2021). To the best of our knowledge, changepoint testing with nonsta-
tionary nuisance quantities has not yet been considered for continuous-time processes.
To test for a change, we suggest the CUSUM-type statistic

~ ~

Tousum(H) = sup |H(u) —uﬁ(l) .

u€(0,1]

Under Hy, and if the volatility function satisfies the conditions of Theorem 3, the statistic
VT (H) will converge in distribution to sup,c(o 1y [W(3(u)) — uW (X(1))|. This can be
used to derive critical values.
Proposition 1. Suppose that the conditions of Theorem 3 hold. Let q,(c) be the 1 —«,
X-conditional quantile of the random variable Y, = sup,¢ 1) (W (i(u)) —uW(S(1)].
If H, is constant, then

lim sup P (\/ETCUSUM(;Q) > qn(a)) < a.

n—oo




Alternatively, if H, is not constant, then

lim P <\/ﬁ Tovsom(H) > qn(a)> —1.

n—oo

3.2 Application to goodness-of-fit testing

Let Go C {H :[0,1] — (0,1)} be a class of candidate functions for the Hurst parameter,
and we want to test the null hypothesis

H()IHGQQ <~ H15H¢go.

For example, setting Gy = {H, = av+b|b € (0,1),a+b € (0, 1)} yields a test for linearity,
and setting Gy = {H | Jvy s.t. H is increasing on [0, v] and decreasing on [v, 1]} tests for
unimodality. We suggest to apply the test statistic

f(go) = inf f(]:I), where f(l:l) = sup
HeGo u€(0,1]

H(u) — /O ' H(v) dv

Under Hy, we clearly have /nT(Go) < nT(H) = sup,epo | Jo 7(Hy) dW,|, and we
can use the quantiles of the latter as critical values. Importantly, we can estimate
the asymptotic variance function as in Theorem 4, which is also consistent under the
alternative. As a result, we obtain a consistent test.

Proposition 2. Suppose that the conditions of Theorem 8 hold. Let q,(«) be the 1 — a,
X-conditional quantile of the random variable Z, = sup,cp ) W (X(u))|. If H € Gy,
then

lim sup P (ﬁf(%) > qn(a)> <a.

n—oo

Alternatively, if H ¢ Gy and Gy is closed with respect to the uniform norm, then

n—o0

lim P (\/ﬁf(go) > qn(a)> ~ 1.

An alternative goodness-of-fit test for the classical mBm and a singleton null G, =
{H} has been suggested by Bertrand et al. (2018), based on a Cramer-von-Mises type
test statistic of the form Zle |I/:7n(%) - ]:I(%)|2 which they show to be asymptotically
normal if L = L,, — oo suitably as n — oo. However, they do not specify the constraints
on L,, making their test practically infeasible. Moreover, they suppose o to be constant.

4 Discussion

We constructed two local nonparametric estimators for the Hurst exponent of the Ito-
mBm which achieve standard nonparametric rates of convergence even in the smoothness
regime 77 < 1. In contrast, existing estimators for the classical mBm require > 1. This



suggests that the statistical treatment of the [t6-mBm is in some sense simpler, as the
smoothness of the Hurst function is less critical, which is in analogy to previous findings
on its path regularity. However, it is currently not clear whether the difficulties of
estimating the classical mBm with a roguher Hurst function are intrinsic to the problem,
or could be overcome by improved estimation procedures. Future work might further
explore this by either deriving statistical lower bounds for estimation of the classical
mBm, or by achieving standard rates of convergence with alternative estimators.

Although we argue that the Ito-mBm is superior to the classical mBm for statistical
modeling, a big advantage of the latter is its explicit covariance function, which enables
exact likelihood inference and efficient simulation. Indeed, we attempted to simulate
the I[to-mBm by discretizing the stochastic integral, but could not reach satisfactory
accuracy for a statistical simulation study.

Lastly, we advocate for the use of [t6-mBm over the classical mBm on the basis of its
attractive analytical and statistical properties. However, this is a purely mathematical
argument and not based on empirical evidence. Obviously, the looming open questions
are: (i) Can we distinguish the two models based on data? (ii) Do the two models
lead to different conclusions for practical questions, e.g. forecasting or asset pricing? We
formulate these open questions as promising directions for future research, especially in
view of the recent success of fractional models for stochastic volatility (Gatheral et al.,
2018; Chong and Todorov, 2025).

A Multiplier invariance principle

For the proof of Theorem 3, we make use of a functional central limit theorem for
nonstationary time series, developed in prior work (Mies, 2024). To make this article
self-contained, we repeat the essential assumptions and the result in this section.

For iid random seeds ¢; ~ U(0, 1), and functions G, : R® — R ¢ = 1,...,n, define
the nonstationary array of time series X, ,, as

Xin =Grale), t=1,...,n,
€ = (er,€1-1,...) € R,

Throughout this section, we assume that E(X;,) = 0. For an independent copy € ~
U(0,1), define also

- ~ o0
€ p = (Gt, vy €41y €t—hy Et—h—1 - - ) e R,

~ ~ 00
€t7h = (Et, ceey €t—ht1y€t—hy €t—h—1 - - ) - R .

We first impose the following set of assumptions, for some I'), > 1, ¢ > 2, and [ > 1:

IG 1 a(€0)llzs + Y 1Grnl€0) = Grovn(€o) 2o < OuT, (A1)
t=2
max || Geal€o) = Grnl(€n)lz, < Oulh+1)77, (A2)

=1,...,



1
[ 16 maten) = Gl do 0. (A3
0

For non-random matrices g, g, € R™*? and random matrices Otn € R™*?  define

n
An — Z ||§t,n - gt,nH%Q;
t=1

\I,n = Z ||gt7n - gt—l,n”a

©, = max |lgn| + sup [lgul;
7777 u€(0,1]

and formulate the assumption

1
/ ||gLan,n - gvH dv — 0. (A4)
0
Define the rate
—2
6qq_—47 5 > B > q+2a
= B2
&q,08) = g2 —2’ @ g2 6> 1.
%7 6 < B > qua
8—1 2
2B2-1-4" 6 < /8 < quqga
and the local long run covariance matrices
Zt,n - Z Gtn COV[Gt,n(EO)u Gt,n(eh)]ggny
h=—oc0
= Y 9. Cov[Gulen). Gulen)lg?
h=—o0

Theorem 5. Suppose that i, is €._r-measurable for L = L,, and let (A.1), (A.2),
(A.3), (A.4) hold with ©,,®,, = O(1) such that

nIA2 4 ALY P 4 i3, = 0
(I, + \I/n)ﬁ?;f31 log(n)n=8@# — 0.

Then

Lun v
Z [ Xim — E(Xp0)] = / »2 dW,.
t=1 0

10



B Proofs

B.1 Preliminaries
For H € (0,1), define
Y (h) = |h+ 12 —2|n|*" +|h — 1 h € R,

Note that g (h) is the autocovariance function of the increments of a fractional Brownian
motion with Hurst parameter H, and I'y(h) is the autocovariance of the corresponding
second order increments. In particular, if (o, Hs) = (0, H), then Cov(Xin, Xjn) =
n~ 22"y (i — j). Moreover, we note that 'y (h) < |h]?H~* as |h] — co.

We proceed to give quantitative bounds on the approximation error between the
nonstationary process and its stationary tangent process. The following Lemma is in
analogy to (Coeurjolly, 2005, Lemma 1) for the classical mBm. The notable difference
is that we do not require n > sup, H,, which is an advantage of the Ito-mBm model.

Lemma 3. Suppose that v — 0, = (0,, H,) is Holder continuous with exponent 1 € (0,1]
on some open interval I = (a,b] C (—o0,1], and that 0 < H < H, < H < 1 for all
v € (—00,1], and 02 < 7* < 0o. For any § = (02, H) and £ € I, it holds that
nPHEXE, = 0T (0) + O (log(n)n ") + O (| — 0. | log(m)n™" 41
For any interval I, the bound holds uniformly for 6 € [0,52] x [H, H].
Proof of Lemma 3. Denote t; = %, and ay = H, — % Then, by 1t0’s isometry,
t; 9
Ex;, = / oy [(ti = 8)3 = 2(tis — )5 + (tie — 8)§°] ds
n-t;
— s\%/n s\%s/n s\%s/n 2
=n 1/ 0o [t = 2)5" = 2t = 2)57" + (tia — 2)377] 7 ds
n=Memo?, (i — 8P =20 —1—8)7" 4+ (1 —2— s)is/"]Q ds
) dv, 0, = (H,,o?),
o7 2 [ H-1 H-} H-17?
g(v,0) =n""0o [v 22w —-1)L P+ (v—2) 2] :
Now observe that

|aa'g<v7 8)| S n_2H[U2H—1 /\ U2H_5]7
g0, O] < 72 (16670~ A0 log(n) + |Tog()]]

11



We may thus bound

)| dv

/ l9(v,0) = g(v,0:
0

S/ |g(v,9)—g(v,9%)
0
= Al + A27

3le

dv + / 19(0,02) — g(v,0.
0 n

2z
n

where, for some small ¢ € (0, 1),

A <Cn log(n)|H — Hi| + |0* — o3

K2
n

)

Q(H/\HL') |:

)| dv

i_ v
n n

+ [ lotw.0,) = g(w,6,_y)ldv

i_v
1—gq n n

Agﬁ/ l9(v,0:) — g(v, 0
0

Using the local Holder continuity of v +— 6, we find that

1—

| lateib) = gto.0, 1o
0

i_ v
n n

3|

nl—4q o
< Clog(n) max n & / ()" [ A 0?2 Tog(v) | dv
0

s€[0,n—1] n
< Clog(n)n™n=",

—nq
because n™ = — 1. Moreover,

/ 19(v,0:) — g(v,0:_.)|dv < C sup n-2Hy2H-5 gy

1—gq nl—q He[ﬂ,i}

:/ (%)ﬁv"r’ dv—i—/ (%)ﬁv’f’ dv
nl-q n

< C(pl-DEH-0-21 | -1y

< Cn~*te,

for any € > 0, by making ¢ > 0 sufficiently small. Since n € (0,1] and H € (0,1), the

choice € = % yields n=4t¢ < log(n)n_2H_77,
Hence, we have shown that

/ g(v,0i_v)dv :/ g(v,0)dv+ O (log(n)n_w—’?)
0 o 0

+0 (||9 A 1og(n)n‘2H”“"‘9%”) .

To complete the proof, we observe that [~ g(v,0)dv = n~?"oT'g(0). O

12



Lemma 4. Suppose that v v~ 0, = (07, H,) is Holder continuous with ezponent n € (0, 1]
on some interval I = (a,b] C (—o0,1], and that 0 < H < H, < H < 1 for all v, and
Ug < 5?2 <o0. Then for all 1 <i < j <n, such that%é[,

—2H,

COV(Xi:"’ van> =n /no—l?/nFHi/n (Z - ])

+0 <log(n)n_2Hi/n—(77/\%)<|z' — v 1)Hi/n—§) .

For any interval I, the bound holds uniformly for 6 € [0,5%] x [H, H].

Proof of Lemma 4. Denote t; = %, and oy = Hy — % By Ito’s isometry,

i

n

Cov(Xin, Xjm) = / 03 [(tz —8)" = 2(tic1 — )7 + (tima — S)QS]

o

. [(tj — 8)as — 2(1%;1 — S)?_S + (tjfg — S)as ds

for 0 = j — 1. We observe that, for 6 > 1,
1D (v,8,0)]l < Clog(myn™2 [v1=3 A v 3] - (v 4 8)#5 (1 + | log(v)])
< Clog(n)n (s v U)H’% [UH’% A vH’g] =: C'log(n)f(v,d, H).

Using the n-Holder continuity of v — 6,, with constant ¢, say, we find that

‘COV(Xi,n)Xj,n) - / f(U,(S,Hi)dU
0 n

gmog(n)/ (21l sup Flu,d H)do. (3)
0 He[H,H]
|H—H;/p|<c(v/n)"

We split the domain of integration into the three segments [0, 1], [1,n179], and [n!79, c0),
for some small ¢ € (0,1) to be specified later.
The first portion of the integral may be bounded as

1
/ [(&)"A1]  sup  F(v,6,H)dv
0 He[H H)
|H—H, | <c(v/n)"

13



1
< N~ 2Hi jmten " / UHH?*%(SHZ'/HJFC"_n*g(l + ’lOg(v)D dv
0
< Cn2Hin gHiren™=%,

The second portion of the integral may be bounded as

nl—a

/ [()"A1] sup F(0.6,H)dv

! He[H H)
|H—Hy | <clv/n)?

< nﬂ772Hl~/n+cn_‘m /nlq ,UHi/nJrnf%Jrcn‘q"aHi/nf%Jrcn—q"(1 + “Og(’l))‘) dv
1
< n—1—2Hi/n §Himten=91—3 [1 I n(l—Q)(Hi/n+77—%+cn’q’7):|
< N 2Hipn gHipnten™ =3 [1 + n(lfq)(Hi/ﬁn*%)] _
The third portion of the integral may be bounded as

/ sup f(v, 6, H)dv
n'=¢  He[H,H|
|H=H;p|<c(v/n)"

sup f(v,8, H)dv

nl=9 He[H,H|

IA
T

_ 5 pg_s
sup n 2Hp=3pH=3 gy
n'=9 He[H,H)

Il Il
T3 T

sup (2)*" v~ dv

n'=9 HelH, H]
< / (L) dv + / (%)2ﬁv_5 dv
nl—a nl—q
< Op(l-0CHE-49)=2H | v, (1-q)2H-4)-2H
< COp~41-9) < Op~40-9) (é)Hi/n_g < C§Him=3p~2Him=3

The last inequality holds for ¢ > 0 sufficiently small. We have thus established that

COV(Xi,n7Xj,n) - / f(U,(S, Gi)dv
0 n

< C1Og(n)n—n—2Hi/n5Hi/n—%+cn‘q" [1 + n(l_Q)(Hi/n+n_%) + C(gHi/n—gn—2Hi/n—%

<C log(n)éHi/"_gn_QHi/nn—(”A%)_

To conclude the proof, we observe that fooo f(v,6,0)dv is the lag-§ autocovariance
of the second order increments at frequency % of a fractional Brownian motion with
parameters 6 = (0, H). Thus,

/ f(v,6,0)dv =n"*"*Ty(i — 7).
0

14



In the derivations above, we assumed that ¢+ > j. For ¢ = 7, the claim is a direct
consequence of Lemma 3, with 6 = 0;,. O

Lemma 5. Let the conditions of Lemma 4 hold, and define Z;,, = (X3, (X3,,)"- Then
_AH. o CAH. o — (ALY o
COV(Zi,j7 Zj,n) =n 4Hl/naz4/nZHz‘n (Z - j) + O <10g(n)n i (77/\2)(|Z - ]| \4 1)2Hl/n 5)
= O (i — g1V 1))
where

. Tp(h)? (Tu(h) +Th(h+1))?
Sn(h) =2 ((FH(h) FTu(h—1))2 (2T(h) +Tu(h— 1) +Tu(h+ 1))2) , heZ

The bound holds uniformly for 6 € [0,5%] x [H, H].

PTOOf Of Lemma 5 Deﬁne Y:i,n = (Xi,na Xi,n + 2Xifl,n + Xi72,n>T = (Xi,n7 )Zi,n)Ta and
introduce the matrix.

= o T'y(h) Ly(h)+Tu(h+1)
Tp(h) = (FH(h) +Ty(h—1) 20g(h) +Tu(h—1)+Ty(h+ 1)) '

Via Lemma 4, we find that
COv(Yin, Vi) = 02003, T, (i = ) + O (log(m)n =2 =D fi — j v 1)1r3 )

Note that the matrix ¥ (h) is twice the entry-wise square of [z (h), and that [Ty (h)| <
h?H=% Hence, Lemma 6 yields

Cov(Zij, Zjn) = n~Miimay, Sy, (i —j) + O (log(n)n_4H“”_("A%)(|i —Jjlv 1)2Hi/7l_5> ‘

[]

Lemma 6. For two centered, jointly Gaussian random variables X, Y , it holds Cov(X? Y?) =

Cov (X, Y)szg)g) =2Cov(X,Y)2.

Proof. Write (X,Y) = (X,aX + Z) for a = Cov(X,Y), and Z centered Gaussian,
independent form X. Observe that for independent centered Gaussian random variables
X, Z,and a € R, we have Cov(X?, (aX+2)?) = a® Var(X?)+2aE(X3Z)+Cov(X?, Z?) =
a’Var(X?), and Cov(X,aX + Z) = a Var(X). O

Lemma 7. There exists a universal K such that for any two centered, jointly Gaussian
random variables X, Y, with Cor(X,Y) = p,

| Cov(log(X?),log(Y?))| < K]p.

15



Proof. Since this specific covariance is invariant to rescaling of X and Y, we may assume
both are standard normal, with correlation p. We proceed similar to the proof of (Shen
and Hsing, 2020, Lemma 8.5).

Denote by H; : R — R the [-th Hermite polynomial (i.e. of degree [), and decompose
log(2?) = Y72, aiHy(x). Because log(X?) € Ly(P), the sequence ¢; is square-summable.
Moreover,

Cov(log(X?),log(Y?)) Z cic Cov(H (X)), He(Y)).

Now use Cov(H;(X), Hy(Y)) = p*k!1(l = k) (Shen and Hsing, 2020, S.3.4) to find that

[e.9]

Cov(log(X?),log(Y?)) = > cip"k!.
k=1

Because Cov(log(X?),log(X?)) < oo, corresponding to p = 1, we conclude that >, cik! <
oo. This yields | Cov(log(X?),log(Y?))| < |p| >, cik!. O
B.2 Local nonparametric estimation

The error of an (u) admits the following asymptotic representation.

Proposition 8. Suppose that v — 0, = (04, Hy) is Hélder continuous with exponent
€ (0,1+1], and that 0 < H < H, < H < 1 for all v, and 0> < 7% < 0o. If b, < n?™!
for some q € (0,1), then for any p > 2,

25 (0) = 020, (0)- (i, ) + O (1) 18) + O, ) + O (ot~

1
\v/nb,
For any p, the bound holds uniformly for 6 € [0,5%] x [H, H|, and for all (by,u) such
that u € [bp, 1 — by,).

Proof of Proposition 8. Lemma 3 yields
¢n1 wZ AEx wi o 2img? Ty (0) + O (log(n)n~(WAm—2HaY
i,n : R i/n i/n
w E( Gl ) Zwm” (Hutim) g2, Ty, (0) 4 O (log(n)n~ ") .
=1

A Taylor expansion of the function p,,(s) = n?H«=H:)g2'; (0), together with property
(iv) of the weights, yields,

E (#2701 (1) ) = pin() + O (b 1og(n) ") + O (log(n)n~ ")

16



The same bound holds for an’g, hence

E <n2Hu$n<u)> = 2Ty, (0) - (22%%) +0 (log(n)n—(lAn)) +0 (b log(n)frﬂ) :

and the bound holds uniformly in u € (0,1).
To bound the stochastic term, denote Z;,, = (x7,,X;,)" and observe

HCOV (nZH“ggn(u)> H < pifu i Wi (W)w;n(w) [|Cov(Z; 0, Zin)||
ij=1

02n4H“

I DL, Ly gz | COV(Zins Zin)-

i=1 j=1

For [t —u| <b, < n'™, and |% — u| < n'79, by virtue of Lemma 5,
1 Cov(Zin, Zjw)ll < C(Ji = j| v 1) Hhren

< O(Ji —j| v 1) 3n

Thus,

~ 1 — o _
HCOV (nm“cbn(U)) H <Cs D s e Ls e, (i =31V D™
=1

[n(u+bn)]An 00

1 . _3 C
<0 > > (i—jlv Sn_bn'

" i=|n(u—by)|V1 j=—00

This establishes the upper bound on the stochastic term of (En(u) in Ly. To obtain the
bound in L,, we observe that ¢, (u) belongs to the second Wiener chaos, such that all
L, norms are equivalent (Nourdin and Peccati, 2012, 2.8.14). ]

Proof of Theorem 1. Proposition 8 yields

(u) = 110 22Hugy (0) + O(log(n) ] b1 + @L,,(l/\/n_bn) + O(log(n)n*(l/\"))
n(U) = 5 108, 0T, (0) + O(log(n)Mbl) + O, (1/v/nb,) + O(log(n)n-0/m)

)

2

= %logg (2”’“ + O(log(n)Mb7) + O, (1/+/nby) + O(IOg(n)n_(lA")))
= Hy + O(log(n)"0}) + O, (1//nby) + O(log(n)n~1"")

and for the optimal choice of b,

11
=H,+ 0Oy, <10g(n)mn7ﬁ> )
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Proof of Theorem 2. Denote a;n, = Ex;, and d;, = EX;,. Then x7, L ;22 for
Z ~N(0,1), and X7, 2 a;nZ?, so that Lemma 3 yields

E log, (g—’L) = log, <z12> + [Elog,(Z*) — Elog,(Z?)] = log, (al ")

= 2Hi/n + log, ( n/2 l/;/"az n)

A5.n

o’T'n,,,(0) + O(log(n)n W”))

QFH/ 0) + O(log(n)n~(m"1)
= 2H,,, + log, (1 + O(log(n)n~ "))

=2H,/, + O (log(n)n (77/\1)) .

= 2H;/, + log, <

Thus, by standard bias bounds for local polynomial estimators, we obtain the bias bound
E(H}(u)) = H(u) + O(b7 + log(n)n~ "),
To control the variance, we use Lemma 7 to find that

(Z Wi (u) 10gs (X7 ) <K Y win(wwin(w)] - |Cor(Xin, Xjn)l -

ij=1
In the following, K is a generic constant which may vary from line to line. Lemma 4
yields

(Cor(xim xg)| < Kli = P74 4 Kli =473 < Kli— |7,
which is summable. In combination with the boundedness and finite support of the
weights w; ,(u), we find

[n(u+bn)]

(Zwm 1og2xm>)SK S wawuga)(fi— g+ 1)

i,j=|n](u=bn)]

3

% > (1 =01/

Similarly, Var (37 w;n(u)logy(xZ,)) = O(1/(nby)), which in particular yields

Var (f[l(u)) =0 (%) :

B.3 Integrated parameter estimation

Proof of Theorem 3. Step (i): Denote tg = 2L,. We may write the estimator H(u)
equivalently as

|un]
Al) =+ S {m(e) + D) - (Zen — )}
t=2L

18



with
m: (0,002 = R, (x,9) — [% log(%)] VO AL,
TLQHt/" 2 1
Zt,n = ) ({(%n) ) wu = FHu (0) ' (22Hu) ’ ¢t,n = Q;Dt/n

Ut/n Xtn
n2Ht/n —~ ~
gbtn = —gf)(t L") fort =2L,...,n, and ¢4, = Yy, fort =1,...,20L — 1.
Ut/n

Due to the L, bound of Lemma 8, we have for any ¢ > 2 and ¢t = L + [nb,], ..., n,

ln = e ranll?, = © (log(n)? 821 + - 4 log(n)?n 20 ) < O (log(n)?n~477) .

Furthermore, for t = 2L,..., L + [nb,]|, the local polynomial estimator effectively uses
the smaller bandwidth % > %, see Remark 5. Hence

Hq/;tn — ¢t—L,nH%q =0 (log(n)zfm(t*?fn)?W + tian + log(n)2n*2(m’7)) '

Moreover, ¢ 1n = Gunl® = O((Ln/n)?), and hence | maxior, . [Vin = Yenlllz, =
1

O(na ) + O((L,/n)"), for some € > 0, which tends to zero for ¢ large enough. Using

the assumptions on b, we find

1 n . ) C L+[nby] , 1
- Z |t _¢t,n||%q <C (log(n)an—a—r) + = Z {log( >2f7ﬂ ( — ) m ﬁ}

t=2L t=2L
log(n)

n

C <log(n)2wn_%_r> + C’bqlf% log(n ) 4 o=
:0@%(Wﬂ—Lj.

Thanks to the uniform convergence, we may restrict our attention to the event
1 .
An = §wt,n S wt,n S 21/}t,n7 \V/t: 17...,71, y

as P(A,) — 1 as n — oo. For this event, a Taylor expansion of m around @m yields

R | Ln)
H(u) — — Z m(Yen)
L“"J . [unJ
_ 1 Z{ (ben) + D) - (Zo = Dun) b - —Zm i) + Op (L2)

:_ZDm@/Jtn (Zy — Y1) +OP( ZH@/JM ¢tn||)+OP(%) (4)
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|_un

- Z Dm( wtn (Zty — Y1) + Op (log(n)ﬂﬂn*%*r) + Op (771) (5)

using in (4) that the second derivative D?*m(¢)) is bounded in the specified neighborhood
of ¢ ,, and the special definition zﬁm =y, fort=1,...,2L — 1. By our assumption
on L,, the remainder terms in (5) are of order op(1/y/n). Moreover, the approximation
(4) holds uniformly in u € [0, 1].

Next, note that the Holder regularity of H, with exponent 7 yields

lun] |_un

1
n; m(Yen) = — ZHt/n /Hdv+(9 m,

uniformly in u € [0,1]. Since n > % by assumption, we have shown that

Lun]

\/ﬁ[ﬁ(u) } ZDm Yen)  (Zim — Prn) +op(1).

By Lemma 3, |[E(Z;,) — tyn| = O(log(n)n™") = o(n"2), and we obtain

Lun]

S%Ej&m@m-wm—Eam+wﬂ> (6)

Step (ii): We now apply the multiplier FCLT of Theorem 5 to the leading term in (6),
with

Vi [Aw) = H(w)| =

gt,n = Dm(lzt,n)ﬂAna gtn = Dm(wt,n)y Gu = Dm(wu)a }/t,n = Zt,n - IEZt,n-

For this definition of g;, and §G;,, (A.4) holds, ®, is bounded, and ¥,, = O(n'™").
Moreover, Proposition 8 shows that

Ai S C Z (szt,n - wth,nH%Q + ||wth,n - wt,nHQ)

t=2L
Ln‘H—nbn-I
<C (log( )2ns " 4+ [2n'- 277) +o Y <log n)? (5 )? + %)
t=2Ly,
< C (log(n)*n¥ ™ + Lyn'™1 + log(n)* 225" + log(nb,)

C
O <10g(n)2n%_r + Lnn1_2”>

It remains to check the conditions (A.1), (A.2), (A.3) for Y;,. To write Y;, in the
form Gy, (€;) as in Appendix A, note that Y;,, is a functional of the driving Brownian
motion By, see Definition (2). Since all Polish spaces are Borel-isomorphic, there exists a
Borel-isomorphism ¢ : (0,1) — C]0, 1], and iid random variables €; ~ U(0,1) such that
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o(e) = [Bu]ue[(],l] = V/n[Buti-1 — Be-ilyep) = (&), for a standard Brownian motion

B. With this notation, we may write

nHz/n nHz/n Z/TL —~
Xin = / gi,n(3> st == Gi,n(ei)a

Uz/n O-z/n —0
i Hy—1 i Hy—1 i Hy—1
ginls) =0, [(E =) 2 —2E —L -9 4 (-2 -9 2]
Gi,n(ej) = O_i/n /Oo gi’n(S) dBS-i—%
H;, ©  p(i—k)/n H;,, ©© pri—k
n'ti/n / n'ti/n 1 -
- Gin(s)dB, = = / 9in(2) =dBsy(j—i)
Ti/n kZ:O (i=k=1)/n o Ti/n ,; i—k—1 vn ’
e i—k B
=3 [ s By
o Ji—k—1

= ZCi,k,n(Ej—k)a Gt 0 (0,1) = R, Grnl€j—r) € La(P),
k=0

gs A
§i,n(8) _ O-Z TLH% H

] %§<S_Z7H%)7
" 1

1 1 1
" 2—2(—1—s)f 2+(—2—5)f 2,

gi(s, H) = (—s)4

In particular, the Bernoulli shift of the ¢ is equivalent to shifting the driving Brownian
motion.
Ad (A.2): The (xn(€j) are centered Gaussian random variables with variance

i—k

1Cun(e)IE, = / i ds
S Cn2(H%_H%)+Cn_n(k + 1)2H2;k —54+Cn="

3

for & > 0 small enough, and n large enough. If H: < Hix, then 1Gien(e)7, <

C(k+1)27-5+0 < C(k+1)73 for 6 small enough, because H < 1. If instead H: > Hix,
we further distinguish two cases to obtain

=5 (H 2H;_j —5+6

Ck+1)" (k+1)"% ", k>nl"d
Cn " (k+1)" % : k< n'=o

—H;_y)

S

Gk (€T, < {
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<C(k+1)73, (7)

for § small enough. Since (. (€;) is Gaussian, the latter Lo bound also holds in Lj.
Thus, we have shown that for all ¢ > 2, and for some C' = C,,

||éi,n(60) Gzn(eo e, < ClGinn(e)ln, < Clh+1)~
HGi,n(GO)HLq < C.

3
2,

Now note that Y}, is a function of the CNJW(EZ), in particular

Gt n(E )
Y;n =G n\€j) = =~ =~ ’ ! =~ ) 8
’ enl€9) ((Gt,n(ej) +2Gi-1n(€5-1) +Gt—2,n(€j—2))2> ®)
and it is straightforward to derive
|Genle0) = Gun(€op) e, < C(h+1)72. (9)

This establishes (A.2) with ©,, = O(1) and exponent = 5
Ad (A.1): Observe that

~ - 2
HGi,n(EO) - Gi—1,n(€o)‘
Lo
0 p(i—1)—k ) 2
= / Jin(s) dBs_; — Z/ Gi-1,n(8) dBs—(i-1)
2
Iy / Gon(s) — G5 — 1)] dB.,
o Ji—k—1 L
o ik
= Z/ 1Gin(8) — Gim1n(s — 1) ds
g Ji—k—1
©  pick | g o 2
< / e - "R TR (s — i, H2) P ds
=0 i—k—1 O'% 01:1
o ik 2
Os . _Hs
+ / n i |§(S—i,H£)—g(8—i,Hg)|2d8
k=0 i—k—1 0-7‘:11 " n
= 9L H, —H, /i_k -
< l——n % a |Gin(8)|” ds

(10)
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To bound the latter integral, we exploit the fact that

d _1
Eg(& H) = 1,c0log(—s)(—s)">
— 214 g log(—s — 1)(—s — 1)H*%

+ ]15<2 lOg(_S - 2)(_8 - 2>H_%7
d
dH

A ‘

Q(S,H)' < C(1+ |log s|) min <|3|H_%, |5‘H—%> '

Hence, the mean value theorem yields some H, between H = and Hso such that, for
kE>1,

i—k
[ ot =i~ gls — i o) ds
i—k—1 "

2

ds

i—k
d _ .
< [ | s~ ),

ke

ik ) )
< C’n_%/ 14 |log(s — )] []l|s_i‘<1|s — i|2HS_1 + 1jsip>1]s — i|2HS_5] ds
i—k—1

ik i

<cn [ 1 log(s — ) - i ds
i—k—1

< Ok + 1)2H,-7Lk —34+Ck" log()

S Cn—Qn(k + 1)2H1;k —3+5,

for 6 > 0 small. This term may be further bounded as in (7) to find

i~k
log(n)n~n it T ik / (s — i, Hs) — g(s — i, Hor)|*ds < O(k + 1)
i—k—1 "
Using this in (10), and exploiting the Gaussianity, we obtain for all ¢ > 2

[e.9]

< Cn™ % Z(k +1) < On 2.
a k=0

2

Hém(eo) - éi—l,n(e())‘ .

Since ||Giinllr, is bounded, it is straightforward to conclude from this and (8) that
|Gin(€0) — Gionl€o)l|7, < Cn72", (11)

and hence (A.1) holds with ©,, = O(1) and T',, = n'~".
Ad (A.3): For u € [0, 1], define the limiting kernels

0

6/"Yu(ej) = / g(‘SaHu) dBS-i—ja

—00
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and, in view of (8),

cule) = ((éu(ej) +2Gu (1) + éu(ej‘2)>2 ) -

Then

||éu(€0> - él_unj,n(GO)HLq
S C||Gu(€0) - Gl_unj,n(EO)HLg

Lun]
S / |§(5_ LUTLJ,HU) _gLunJ,n(S)F ds

e}

2
0 O‘Lunfj-&-s H un —-H un|+s
:/ g(S,Hu) - —n LnJ L rg_‘— g(S,HLunJ+s> ds
—5co O |un] T
0 2
< 2/ ‘Q(SaHu) — (8, Hpunjss )| ds
—00 n
2
0 o Lun]+s HLunJ —-H lun]+s _ 2
+2 l——=—n = ‘g(s,HLuan) ds
—00 O |un| n
n

0 -1
§C’n_2’7/ d8+0/ ('%‘)2” sup }d%g(s,H)|2 ds
-1 —00 He[H,H)
-1
+Clogn) [ (5 sup[gls, 1) ds
_nlfé HE[E,i]

_pl-=é¢ .

+C’log(n)/ n* sup |[g(s, H)|? ds

—00 He[H,H)
—1 o —nl-=¢ o
< On™ + C'log(n)n~2" / |s[22175 ds 4 C'log(n) / |s|2H =5 ds

< C'log(n)n™ " + Clog(n)n=20=9 < Clog(n)n=2"

for any small § > 0. Here, we used that |g(s, H)| < C|s|"~% and Llg(s, H)| < C(1+
log |s|)|s|# =2 for |s| > 1. That is, we find that for any ¢ > 2

Hétunj,n(EO) - éu(GO)HLq S Cn™".
Again, this directly yields that
HGLunLn(eO) - GU(GO)HLq <Cn™", (13)

and hence fol |G lun)n(€0) — Gul€o)||, du — 0 as n — oo. This establishes (A.3).
Rate constraints: In the previous steps, we have verified the conditions of Theorem 5 for

any ¢ > 2, for = 2, and with T, < n'=", A2 < log(n)?nz"" + L2n'=21, O, =< n!=",
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¢, = O(1), ©,, = O(1). Upon choosing ¢ large enough, we have £(q, 5) = % = %,

Ty + ‘Ifn)%l\/log(n)n_f(qvﬁ) — e log(n)n_é,

which tends to zero if n > % Moreover, upon choosing ¢ large enough, we have

n_%AfL + AL+ né_%Ln — 0

)

— i log(n)? < L, < n2=%  for some & > 0, and L, < nl=a,

Thus, we have shown that Theorem 5 is applicable under the conditions formulated in
Theorem 3.
Determining the asymptotic variance: The asymptotic local variance is given by

Y, = Z Ju COV(Gu(eo),Gu(eh))gg,

h=—o00

1 -1
M 2T, 0) \27 )
The autocovariances may be computed as in Lemma 4, hence Cov(G,(€), Gu(€r)) =
Yy, (h) as therein. Thus,

Ly = TZ(HU)7
2 — 1 S —2H -1
T9(H) = mh;oo(—l,Z )X u(h) (2_2H)
- 2FH1(0)2 h:Z {Du(r)? + 2720y () + Ty (h = 1) + T+ 1))°

= 272 [(yy(R) + Dig(h = 1)) + (T (R) + T (h = 1))?] }
1 = 2 —4H — 2
B 2—2H+1(FH(h) +Ty(h— 1))2}.
O

Proof of Theorem 4. By Theorem 1, and as established in the proof of Theorem 3, we
have for any ¢ > 2

t=2Ly,...,n
Hence,
1 [un] 1 [un) R .
sup | = > T(H(L) == > 7 (Ha (L)) =0
welo] | 5T Lry)
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Moreover, continuity of v — H,, and L, /n — 0, yields

lun]
sup / v) dv — — Z 72 i — 0.
u€[0,1] t oL,

]

Proof of Proposition 1. Convergence under the null is a direct consequence of Theorems
3 and 4. Under the alternative, the function u — H(u) is not linear. This holds
because v — H, is continuous, and hence H, can not deviate at a single point v. Thus,
SUP,e(o1] | (w) — uH(1)| > 0. Moreover, Theorem 3 yields ||H — H||c = O(1/y/n) and

thus \/HTCUSUM(ﬁ) — 00 in probability, at rate y/n. On the other hand, ¢, () L q(«)
as a consequence of Theorem 4. This establishes consistency of the test. O

Proof of Proposition 2. The first claim holds because ¢, (a) — g(a) by Theorem 4, where
q() is the 1—« quantile of Z = sup, |[W ( ;' 72(H,) dv)|, and ff(go) < \/_f( H) =

We proceed to prove the second claim. If Gy is closed, then QO {u— fo v) dv \ Hec
Go} is also closed, and [ H(v)dv ¢ Gy. Hence, sup,co | Jo H(v)dv — ["H dv] >0
for all H € Gy. As \/ﬁ(ﬁ —H) = op(1), this implies that \/_T(go) P . On the other

hand, Theorem 4 yields convergence of ¢,(«) to a finite number, establishing consistency
of the test. O
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