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Abstract

The sample paths of Brownian motion are known to admit the exact Besov-type
smoothness exponent 1/2 when measured in the sub-Gaussian Orlicz norm. We
extend these regularity results by deriving the exact limit of the sub-Gaussian
Orlicz modulus for Brownian motion in Banach spaces, and we provide a rate of
convergence towards this limiting value. The central technique is a new chaining
bound for the Orlicz modulus of a stochastic process. The latter also applies to
polyogonal partial sum processes of functional random variables and allows us
to strengthen Donsker’s invariance principle to all function spaces on the Besov-
Orlicz scale up to the exact modulus with exponent 1/2. For the critical case, we
establish the thresholded weak convergence of the Besov-Orlicz seminorm of the
partial sum process. The analytical results find application in a nonparametric
statistical testing problem, where Besov-Orlicz statistics are shown to detect a
broader range of alternatives compared to Hölderian multiscale statistics.

Keywords: functional data, Donsker’s Theorem, sub-Gaussian random vari-
ables, signal discovery

1 Introduction

For iid centered random variables Xt with unit variance, we consider the interpolated,
or polygonal, partial sum process

Sn(u) =
1√
n

⌊un⌋∑
t=1

Xt +
un− ⌊un⌋√

n
X⌈un⌉.
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By Donsker’s Theorem, this process converges to a standard Brownian motionW , weakly

in the space C[0, 1] of continuous functions. This implies that T (Sn)
d→ T (W ) for any

continuous functional T on the space C[0, 1]. As both processes Sn and W admit more
path regularity beyond mere continuity, the weak convergence can also be established in
smaller function spaces, which allows for the asymptotic treatment of T (Sn) for a broader
class of functionals T . The bottleneck to derive these invariance principles is typically
a tightness conditions. Specifically, to show weak convergence Sn ⇒ W in a function
space F , one needs to show that for any ϵ > 0 there exists a compact set K ⊂ F such
that P (Sn ∈ K) ≥ 1− ϵ. Compactness in function spaces is closely related to regularity,
e.g. via the Arzela-Ascoli Theorem. Thus, extensions of Donsker’s invariance principle
to smaller function spaces F demand sharp oscillations bounds for W and Sn.

What is the smallest function space where one can expect an invariance principle to
hold? A minimal requirement is that the Brownian paths lie in F . Lévy’s result on the
modulus of continuity of Brownian motion yields the limit

lim
h→0

sup
u∈[0,1]

|Wu+h −Wu|
ρ1/2,1/2(h)

=
√
2, for ρµ,ν(h) = hµ| log(e/h)|ν , (1)

and hence the smallest Hölder-type space for the Brownian paths is Cρ1/2,1/2 = B
ρ1/2,1/2
∞,∞ .

On the other hand, the Brownian motion admits the sharper modulus of continuity
ρ(h) =

√
h if the regularity is measured not uniformly, but in a weaker norm. Indeed,

Ciesielski (1991) showed that the paths belong to the Besov space B
1/2
p,q for any p ≥ 1,

and even to the Besov-Orlicz space B
1/2
Ψ2,∞; see Section 2 for a formal definition. Since

B
1/2
Ψ2,∞ ⊊ Cρ1/2,1/2 , this is a strict improvement on the earlier Hölder regularity, which

also holds for Brownian motion in Banach spaces Hytönen and Veraar (2008). However,
unlike Lévy’s result for the uniform modulus, the exact limiting behavior of the Orlicz
modulus ωΨ2(h,W ) as h → 0 has not been found so far. Our first contribution is to
show that

lim
h→0

ωΨ2(h,W )√
h

→
√

8

3
,

and we also provide the corresponding rate of convergence. The limit is also derived for
the vector-valued case.

These regularity results for the limiting Brownian motion provide the reference frame-
work for the possible invariance principles. For smoothness exponent s < 1

2
, the weak

convergence of the partial sum process has been established in the Hölder spaces Cs

(Lamperti, 1962; Hamadouche, 1998; Račkauskas and Suquet, 2004a,b; Račkauskas and
Wendler, 2020), in the Besov space Bs

p,q for p, q ∈ [1,∞),(Morel, 2004), and in Bs
p,∞

(Giraudo and Račkauskas, 2017). Note that Cs ⊊ Bs
p,∞, i.e. the switch to Besov spaces

does not yield a sharper invariance principle. Stronger smoothness moduli of the form
ρ1/2,ν(h) =

√
h| log(e/h)|ν for ν > 1/2 have been investigated by Račkauskas and Suquet

(2004b), establishing weak convergence of the partial sum process in Cρ1/2,ν ⊊ Cs. Re-
cently, it has been shown that Donsker’s Theorem holds in the Hölder space Cρ = Bρ

∞,∞
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for any modulus ρ(h) ≫ ρ1/2,1/2(h) =
√

h| log(e/h)| as h ↓ 0 (Köhne and Mies, 2025).
This in particular includes cases such that Cρ ⊊ Cρ1/2,ν for all ν > 1/2. In view of
(1), the latter is essentially optimal. To derive an invariance principle for even sharper
moduli, we need to leave the Hölder scale of functions. Currently, the only version
of Donsker’s Theorem for the Besov-Orlicz spaces is due to Ait Ouahra et al. (2011,
2012) who treat the case, B

ρ1/2,ν
Ψ2,∞ for ν > 1. Since Cρ1/2,1/2 ↪→ B

ρ1/2,1
Ψ2,∞ ↪→ Cρ1/2,3/2 , see

Proposition 2.4 below, the latter Besov invariance principle is in fact not as sharp as the
Hölderian invariance principles of Račkauskas and Suquet (2004b) and Köhne and Mies
(2025), and hence sub-optimal. It should be noted that all mentioned results require
suitable moment conditions on the random variables Xt which we do not compare here.
In particular, we restrict our attention to the iid case and do not allow for nonstationarity
or temporal dependence.

In this paper, we establish the weak convergence of Sn in Bρ
Ψ2,∞ for all ρ(h) ≫

ρ1/2,0(h) =
√
h. This is the sharpest invariance principle to date, and optimal on the

Besov and Hölder scale of functions. Moreover, the convergence is shown to hold for ran-
dom variables in separable Banach spaces of type 2. For the edge case ρ(h) = ρ1/2,0(h) =√
h, i.e. in the space B

1/2
Ψ2,∞, tightness can not be established, similar the critical Hölder

space Cρ1/2,1/2 . Instead, we use the recently developed concept of thresholded weak
convergence (Köhne and Mies, 2025) and show that, for some τ0 > 0,

(|Sn|B1/2
Ψ2,∞

∨ τ) ⇒ (|W |
B

1/2
Ψ2,∞

∨ τ), τ ≥ τ0.

The proof builds on a novel bound for the Orlicz modulus of continuity of stochastic
processes with sub-Gaussian increments presented in Section 3.1. The latter is applicable
to both Sn and its limit W , and yields refined path properties of the Brownian motion
(Section 3.2) as well as asymptotic equicontinuity of Sn, and thus weak convergence via
Prokhorov’s Theorem (Section 4). Our results also apply to random variables Xt taking
values in a separable type 2 Banach space, and to vector-valued Brownian motion.

The new asymptotic theory for the partial sum process has implications in nonpara-
metric statistics, where it allows to improve upon existing multiscale procedures for the
signal discovery problem in certain regimes. Based on the idealized white noise model,
we demonstrate the advantage of using the Besov-Orlicz norm as test statistic instead
of a Hölderian multiscale procedure (Section 5). Subsequently, we employ the invari-
ance principle to transfer this finding to the standard nonparametric regression model.
Simulations illustrate the gain in statistical power and highlight the impact of analytical
results about the sample path regularity of Brownian motion on statistical methodology.

All technical proofs are gathered in the Appendix.

Notation For a random variable X, we denote the sub-Gaussian Orlicz norm as
∥X∥Ψ2 = inf{K : E exp(X2/K2) ≤ 2}, and Ψ2(x) = exp(x2) − 1. For real numbers
a, b, we denote a ∧ b = min(a, b) and a ∨ b = max(a, b). For two sequences an, bn, we
denote an ≪ bn to mean that an/bn → 0.
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2 Preliminaries on Besov-Orlicz spaces

This section provides a brief background on Besov-Orlicz spaces. Orlicz norms are com-
mon tools in probability to quantify the tails of a random variable, see (Vershynin, 2018,
Sec. 2.7.1). In functional analysis, Orlicz norms serve a similar purpose to generalize Lp

spaces. Here, we deal with random functions and thus need both types of norms, which
we distinguish notationally. In the sequel, (X , | · |) denotes a normed vector space, which
may be infinite dimensional.

Definition 2.1. Let Ψ : [0,∞] → [0,∞] be a Young function, i.e. convex and increasing
such that Ψ(x)/x → 0 as x → 0 and Ψ(x)/x → ∞ as x → ∞.
For a random variable X taking values in X , define the Orlicz norm

∥X∥Ψ = ∥X∥Ψ(dP ) = inf {K : EΨ(|X|/K) ≤ 1} .

For a function f : [0, 1] → X , define the Orlicz norm

∥f∥Ψ = ∥f∥Ψ(dx) = inf {K : ∫ Ψ(|f(x)|/K) dx ≤ 1} ,

and the corresponding modulus of continuity

ωΨ(h, f) = inf
{
K :

∫ 1−h

0
Ψ
(

|f(x+h)−f(x)|
K

)
dx ≤ 1

}
, h ∈ (0, 1).

As an extension of the classical Besov spaces, Pick and Sickel (1993) introduced the
Besov-Orlicz spaces by measuring smoothness not in Lp, but in an arbitrary Orlicz norm.
While Pick and Sickel (1993) only consider polynomial moduli ρ(h) = hs, the extension
to arbitrary smoothness is straightforward.

Definition 2.2. Let ρ : [0, 1] → [0,∞) be a modulus of continuity, i.e. increasing and
continuous with ρ(0) = 0, and let Ψ : [0,∞] → [0,∞] be a Young function. For any
f : [0, 1] → X define the seminorm

|f |Bρ
Ψ,∞

= sup
h∈(0,1)

ωΨ(h, f)

ρ(h)
.

The space Bρ
Ψ,∞ consists of all functions f such that ∥f∥Bρ

Ψ,∞
= ∥f∥Ψ + |f |Bρ

Ψ,∞
is finite,

identifying functions which are identical almost everywhere. We use the shorthand B
1/2
Ψ2,∞

for Ψ2(x) = ex
2 − 1 and ρ(h) =

√
h, and Ψp(x) = ex

p − 1 for p ≥ 1.

Note that the Besov-Orlicz scale nests the usual Besov spaces via the polynomial
Young function Ψ(x) = xp. Moreover, we can contrast this with the classical Hölder-
type spaces Cρ, which can be put on the Besov scale of function spaces as Cρ = Bρ

∞,∞
by replacing the Orlicz norm ∥ · ∥Ψ(dx) with the supremum norm ∥ · ∥L∞(dx), which may
formally be interpreted as an Orlicz norm with Young function Ψ(x) = ∞ · 1(x > 1).
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Definition 2.3. Let ρ : [0, 1] → [0,∞) be a modulus of continuity, i.e. increasing and
continuous with ρ(0) = 0. The space Cρ consists of all functions f : [0, 1] → X such
that the seminorm

|f |Cρ = sup
x,y∈[0,1]

|f(x)− f(y)|
ρ(|x− y|)

is finite. We use the shorthand Cs for ρ(h) = hs.

By the Arzela-Ascoli Theorem, the embedding Cρ ↪→ Cρ′ is compact whenever the
two moduli satisfy ρ(h) ≪ ρ′(h) as h → 0. For Besov-Orlicz spaces, the same property
may be derived via a Wavelet basis representation due to Ciesielski et al. (1993). We
further extend this embedding to vector-valued Besov-Orlicz spaces.

Proposition 2.4 (Besov-Orlicz embeddings). Let X be a separable Banach space, ρ a
modulus of continuity such that ch ≤ ρ(h) ≤ Chr for some r > 0 and 0 < c < C < ∞,
and ρ∗(h) = ρ(h)

√
| log h|. Then there exists a continuous embedding

Bρ
Ψ2,∞ ↪→ Cρ∗([0, 1]).

Moreover, let K ⊂ Bρ
Ψ2,∞ be bounded such that Kt = {f(t) : f ∈ K} ⊂ X is compact

for every t ∈ [0, 1]. Then K is relatively compact in Bρ′

Ψ2,∞ for every modulus ρ′ such
that ρ(h) ≪ ρ′(h) as h ↓ 0. In particular,

Bρ
Ψ2,∞ ↪→ Bρ′

Ψ2,∞ compactly if X = R.

Note that functions f ∈ Bρ
Ψ2,∞ are only identified up to equivalence. Hence, the em-

bedding Bρ
Ψ2,∞ ↪→ Cρ∗ consist of choosing one representative function in the equivalence

class, which is continuous.

3 Besov-Orlicz regularity of stochastic processes with

sub-Gaussian increments

3.1 Modulus of continuity of stochastic processes with sub-
Gaussian increments

To establish tightness of the partial sum process Sn via Prokhorov’s Theorem and Propo-
sition 2.4, we need sharp control of the sub-Gaussian modulus of continuity of a stochastic
process. Our main technical result is the following theorem. We particularly want to
highlight the construction of the chaining grid, see (7) in the Appendix, which is crucial
to achieve the sharp constant for the Gaussian case. The grid construction is inspired
by the proof of Lévy’s limit for the ordinary modulus of Brownian motion as presented
in (Schilling, 2021, 10.3).

Theorem 3.1. Let (Zu)u∈[0,1] be a stochastic process taking values in a separable Banach
space (X , | · |) such that
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(i) ∥Zu − Zv∥Ψ2 ≤ τ
√

|u− v| for all u, v ∈ [0, 1].

(ii) For any u1 < v1 and u2 < v2 such that v1 + h0 ≤ u2, the increments (Zv1 − Zu1)
and (Zv2 − Zu2) are independent.

(iii) ωΨ2(h, Z) ≤
√
h
√

h
h0
R for all h ≤ h0, and a finite random variable R with P (R >

r) ≤ G(r) → 0 as r → ∞.

Then for any ϵ > 0,

P

(
sup
h≤δ

ωΨ2(h, Z)√
h

> τ(1 + ϵ)

)
≤ K(τ, ϵ, G, δ)

δ↓0−→ 0.

For the case that Zu is a Brownian motion, condition (ii) holds with h0 = 0 and thus
condition (iii) is vacuous. The latter condition is introduced to also cover the case of the
partial sum process, where it is satisfied with h0 = 2/n. The difference is that for the
Brownian case, we can use a chaining construction in time u up to the finest resolutions
due to self-similarity. For the partial sum process, this construction is only fruitful up to
the discretization stepsize, below which the extra smoothness due to linear interpolation
can be leveraged.

A consequence of Theorem 3.1 is that

lim sup
h→0

ωΨ2(h, Z)√
h

≤ τ, (2)

which is sharp for the case of vector-valued Brownian motion, see Theorem 3.4 below.
Another question about the limit (2) is the corresponding rate of convergence. To this
end, we need to slightly sharpen condition (i) as follows:

(i)’ E exp (λ|Zu − Zv|) ≤ κ exp
(

3
16
τ 2λ2|u− v|

)
for all u, v ∈ [0, 1] and λ ∈ R.

Remark 1. For real-valued processes Zu, it might appear more natural to consider the
condition

E exp(λ(Zu − Zv)) ≤ exp

(
3

16
τ 2λ2|u− v|

)
, (3)

which is a bound on the the sub-Gaussian variance-proxy of Zu − Zv, which is defined
via the moment generating function as

σ∗(X) = inf

{
σ > 0

∣∣E exp(λX) ≤ exp

(
− λ2

2σ2

)
for all λ

}
.

This yields a norm which is equivalent to the sub-Gaussian norm ∥X∥Ψ2 , and Leskelä and
Zhukov (2026) established the sharp inequality

√
3/8∥X∥Ψ2 ≤ σ∗(X) ≤

√
log 2∥X∥Ψ2 .

Hence, the factor in the right hand side of (3) is chosen such that it implies condition
(i) with the same τ , and is indeed slightly stronger. However, for the general vector-
valued case, (3) is not sensible and we instead consider the norm, which gives rise to the
factor κ in (i)’. Due to this factor, (i)’ no longer implies (i), but it nonetheless provides
sufficiently strong tail bounds to improve upon Theorem 4.3. Note also that if Z is a
standard univariate Brownian motion, both conditions are satisfied with τ =

√
8/3.
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Under the stronger assumption (i)’, we can derive the following rate of convergence.

Theorem 3.2. Let Zu satisfy conditions (i)’, (i), (ii), (iii). Then for any s < 1
10
,

lim sup
h→0

h−s

[
ωΨ2(h, Z)√

h
− τ

]
≤ 0 almost surely.

This implies that

sup
h≤1

h−s

[
ωΨ2(h, Z)√

h
− τ

]
< ∞ almost surely.

As part of the proof of Theorem 3.2, we derive and use the following tail bound for
the modulus for a single h, which is of independent interest.

Lemma 3.3. Under conditions (i), (ii), (iii), there exists a C > 0 such that for all
h ∈ (0, 1), and all η ∈ [0, 2]

P
(
ωΨ2(h, Z) ≥ τ

√
h(1 + r)

)
≤ C(h ∨ h0)

ηr

(
1

r2 + (2− η)r

)
, r ∈ [0, 1

2
].

Under conditions (i)’, (ii), and (iii), there exists for any p ∈ (1, 4
3
) a Cp such that for

all h ∈ (0, 1),

P
(
ωΨ2(h, Z) ≥ τ

√
h(1 + r)

)
≤ Cp

(
κ(1 + r)

r

)p

(h ∨ h0)
p−1, r > 0.

Remark 2. Until the recent contribution of Kempka et al. (2024), B
1/2
Ψ2,∞ was the smallest

space to which the sample paths of the limiting Brownian motionW are known to belong,
and thus the smallest space in which we can expect some form of weak convergence of
Sn. Whether any distributional convergence also applies in the smaller space introduced
by Kempka et al. (2024) remains open.

3.2 Regularity of vector-valued Brownian motion

As a special case of the previous results, we consider Z = W for a vector-valued Brownian
motion W . To be precise, we suppose that W is a centered Brownian motion on some
separable Banach space (X , ∥ · ∥), i.e. v 7→ l∗Wv is a univariate Brownian motion for
each continuous linear functional l∗ : X → R. Extending the work of Ciesielski (1993)
on univariate Brownian motion, it was shown by Hytönen and Veraar (2008) that the

vector-valued Brownian motion admits paths in B
1/2
Ψ2,∞. However, the exact behavior of

ωΨ2(h,W ) as h → 0 has been studied neither for the vector-valued nor for the univariate
case. Via Theorem 3.1, we can obtain explicit upper bounds on the latter modulus.
In Section 3.1, lower bounds on the modulus could not be obtained because we only
impose upper bounds on the stochastic process. For the Brownian case, more structure
is available, allowing us to derive matching lower bounds. This yields the exact limit of
the modulus of continuity, and also shows that Theorem 3.1 is in general sharp.
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Theorem 3.4. Let W be a centered Brownian motion on some separable Banach space
(X , | · |), i.e. v 7→ l∗W (v) is a univariate Brownian motion for each continuous linear
functional l∗ : X → R. Then,

lim sup
h→0

ωΨ2(h,W )√
h

= ∥W (1)∥Ψ2 almost surely.

For the univariate case X = R, we find

lim sup
h→0

ωΨ2(h,W )√
h

=
√

8
3

almost surely.

For comparison, in the real-valued case, Marcus and Rosen (2008b) showed that
the Lp modulus converges as limh→0 ωLp(h,W )/

√
h = E|W (1)|p for any p ≥ 1, and

a corresponding central limit theorem corresponding is derived in Marcus and Rosen
(2008a). The same limit for the Lp modulus of Banach-space valued Brownian motion
has been derived by Hytönen and Veraar (2008); see equation (4.1) therein. In contrast,
the presented result on the sub-Gaussian modulus of continuity is novel. We note that
similar proof techniques could also yield the exact modulus in the exponential-type
Orlicz norms Ψp(x) = exp(xp)− 1, with p ∈ [1, 2).

For the univariate case, we also obtain rates of convergence for the modulus of con-
tinuity as a consequence of Theorem 3.2 and Lemma 3.3.

Theorem 3.5. Let W be a standard Brownian motion taking values in R. Then, for
any s < 1

4
, and any s∗ < 1

10
,

max

[
0,

ωΨ2(h,W )√
h

−
√

8

3

]
=

{
OP (hs) ,

Oa.s.

(
hs∗
)

almost surely.

We conjecture that the faster rate in probability could be sharpened to the boundary
case s = 1

4
, but whether the second convergence rate can be improved to match the faster

rate is unclear.
To derive the rate of convergence for the vector-valued case, we would require a

quantitative tail bound as in (i)’ for the Brownian motion in Banach spaces. Fernique’s
Theorem states that E exp(η∥W (1)∥2) < ∞ for some η > 0, see e.g. (Da Prato and
Zabczyk, 2014, Thm. 2.7), and thus (i)’ does hold for some τ . However, this τ is in
general not explicit and it is unknown (to us) whether τ = ∥W (1)∥Ψ2 . Thus, we leave
the extension of Theorem 3.5 to the vector-valued case open.

4 Functional central limit theorems

We now return to the asymptotics of the polygonal partial sum process Sn. For iid
real-valued random variables Yt, Donsker’s Theorem yields weak convergence in C[0, 1].
The standard approach to prove this is to first establish the finite dimensional weak
convergence of (Sn(u1), . . . , Sn(um)) for any u1, . . . , um ∈ [0, 1], and then extend this
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to functional weak convergence via tightness of the process u 7→ Sn(u). If the Yt are

sub-Gaussian, Theorem 3.1 shows that Sn ∈ B
1/2
Ψ2,∞ almost surely, and the compact

embedding B
1/2
Ψ2,∞ ↪→ C[0, 1] yields tightness. In view of the compact Besov-Orlicz

embedding B
1/2
Ψ2,∞ ↪→ Bρ

Ψ2,∞ for any ρ(h) ≫
√
h, see Proposition 2.4, this also yields

tightness in even smaller spaces, and thus gives rise to sharper functional central limit
theorems.

As the regularity result is established for normed spaces, the corresponding invariance
principle also holds for functional data. Here, we specifically assume (X , ∥ · ∥) to be a
separable Banach space of type 2. That is, there exists a factor K = K(X ) such that for
any x1, . . . , xn ∈ X , and iid Rademacher random variables ϵi, we have E∥

∑n
i=1 ϵixi∥2 ≤

K
∑n

i=1 ∥xi∥2. This includes all Hilbert spaces, in particular Rd, as well as any Lp

function space with p ≥ 2, see (Ledoux and Talagrand, 2011, Sec. 9.2). This restriction
ensures that a sub-Gaussian concentration inequality for sums of iid random variables
holds, see Lemma A.3, and that the central limit theorem holds for any iid sequence
of square-integrable random variables Hoffmann-Jørgensen and Pisier (1976), see also
(Ledoux and Talagrand, 2011, Thm. 10.5). Beyond the class of type 2 Banach spaces,
more structural assumptions on the random variables Xi are required to establish a
central limit theorem. For example, the Banach space C[0, 1] is not of type 2, and Kutta
et al. (2025) require additional Hölder smoothness assumptions of the random elements
Xt ∈ C[0, 1] to establish weak convergence.

Theorem 4.1. Let Xt be an iid sequence of centered random variables with values in a
separable Banach space (X , ∥ · ∥) of type 2, such that ∥Xt∥Ψ2 < ∞. Then Sn ⇒ W in
Bρ

Ψ2,∞ for any modulus ρ(h) ≫
√
h as h → ∞, where W (u)u∈[0,1] is a X -valued Brownian

motion with Cov(W (1)) = Cov(X1).

Because of the continuous embedding Bρ
Ψ2,∞ ↪→ Cρ∗ with ρ∗(h) = ρ(h)

√
| log h|, see

Proposition 2.4, we also obtain a corresponding Hölderian invariance principle.

Corollary 4.2. Under the conditions of Theorem 4.1, the weak convergence Sn ⇒ W
holds in Cρ∗ for any modulus ρ∗(h) ≫

√
h| log h|.

This invariance principle in Besov spaces is the first result for moduli of continuity in
the regime

√
h ≪ ρ(h) ≪

√
h| log h|. In comparison to the existing functional limit theo-

rems in the literature, which require moduli ρ(h) ≫
√

h| log h|, our stronger convergence
result imposes slightly stricter assumptions. Specifically, we consider partial sums of iid
sub-Gaussian random variables, whereas Morel (2004) and Giraudo and Račkauskas
(2017) have weaker moment assumptions, and Ait Ouahra et al. (2011, 2012) show
tightness of any stochastic process with sub-Gaussian increments, of which the partial
sum process is an example. While these results only cover real-valued random variables
Xt, some authors consider Hölderian invariance principles for vector-valued (functional)
random variables Xt. In particular, Račkauskas and Suquet (2009) study linear time
series in Hilbert spaces and subsequently extend this to Banach spaces (Račkauskas and
Suquet, 2010), though only for moduli ρ(h) ≫ ρ1/2,ν for some ν > 1/2. We also refer
to Kutta and Dörnemann (2025) for m-approximable time series with values in Banach
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spaces, and to Kutta et al. (2025) for mixing time series taking values in the space
C[0, 1], both for moduli ρ(h) = hµ with µ < 1/2.

The modulus ρ(h) = ρ1/2,0(h) =
√
h is critical as this is exactly the Besov-Orlicz

regularity of the limiting Brownian motion. In this edge case, we can not establish
weak convergence of the partial sum process, but it is nonetheless possible to obtain the
distributional limit of the Besov-Orlicz seminorm.

Theorem 4.3. Under the conditions of Theorem 4.1, there exists a K = K(X ) > 0
such that (

|Sn|B1/2
Ψ2,∞

∨ τ

)
⇒
(
|W |

B
1/2
Ψ2,∞

∨ τ

)
, for all τ > K∥X∥Ψ2 . (4)

If X = R and E exp(λXi) ≤ exp(σ2λ2/2) for all λ, then (4) holds for τ > σ
√

8/3.

Theorem 4.3 shows that the Besov-Orlicz seminorm of Sn converges in distribution,
though not on its full support but only beyond a certain value τ . Note that the τ
does not depend on n. This type of thresholded weak convergence has been discovered
recently (Köhne and Mies, 2025) when studying the Hölderian seminorm |Sn|Cρ1/2,1/2 for
ρ1/2,1/2(h) =

√
h(log e/h), which is the regularity of the limiting Brownian motion in

the Hölderian framework. The present result allows for a sharper modulus of continuity
as smoothness is measured in the functional sub-Gaussian norm, rather than uniformly.
Moreover, the prior work Köhne and Mies (2025) did not study infinite-dimensional
random variables Xi.

Example 4.4. Standard Gaussian random variables Xt ∼ N (0, 1) satisfy the condition
of Theorem 4.3 with σ = 1, and the threshold τ =

√
8/3 matches exactly the limit in

Theorem 3.4. In other words, ∥W∥
B

1/2
Ψ2,∞

≥ τ almost surely, and hence the convergence

holds indeed on the whole support. In this sense, Theorem 4.3 is sharp. This also
justifies to approximate ∥W∥

B
1/2
Ψ2,∞

by ∥Sn∥B1/2
Ψ2,∞

with iid standard Gaussian Xi.

Example 4.5. The asymptotic results for the partial sum process can be applied to
various functionals of interest in mathematical statistic. We consider a recent example
in the context of nonparametric changepoint detection. Let Yi be iid real-valued random
vectors, and let Xi = 1(· ≤ Yi). Then

1
n

∑n
i=1Xi is the empirical distribution function,

and Sn the corresponding partial sum process. If we consider Xi as elements in the
weighted L2 space L2(µ) for a finite measure µ on Rd, then Xi are bounded by one.
Since L2(µ) is a Hilbert space, Theorem 4.1 and 4.3 apply. This partial sum process has
been employed by Kutta et al. (2025) to design the multiscale changepoint test statistic

Tρ(Sn) = sup
h∈[0, 1

2
]

sup
u∈[h,1−h]

∥[Sn(u)− Sn(u− h)]− [Sn(u+ h)− Sn(u)]∥
ρ(h)

.

For any ρ ≫ ρ1/2,1/2, Theorem 4.1 yields the weak convergence Sn ⇒ W in Cρ and thus
Tρ(Sn) ⇒ Tρ(W ). This also covers moduli in the regime ρ1/2,1/2(h) ≪ ρ(h) ≪ ρ1/2,ν(h),
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which was previously excluded in the literature. Inspired by the new Besov-Orlicz limit
theory, we may also use the statistic

Tρ,Ψ2(Sn) = inf

{
K : sup

0<h< 1
2

∫ 1−h

h

Ψ2

(
∥[Sn(u)−Sn(u−h)]−[Sn(u+h)−Sn(u)]∥

ρ(h)

)
du ≤ 1

}
.

As Tρ,Ψ2 is a continuous functional on Bρ
Ψ2,∞, Theorem 4.1 yields Tρ,Ψ2(Sn) ⇒ Tρ,Ψ2(W )

for any ρ(h) ≫
√
h = ρ1/2,0. Moreover, arguments similar to Theorem 4.3 show that

there exists some τ such that(
Tρ1/2,0,Ψ2(Sn) ∨ τ

)
⇒

(
Tρ1/2,0,Ψ2(W ) ∨ τ

)
.

Unlike the methodology presented by Kutta et al. (2025), our asymptotic theory cur-
rently does not allow for temporally dependent noise.

Example 4.6. Exact evaluation of the Besov-Orlicz seminorm of Sn is not possible in
practice and one needs to resort to discretization of the involved integrals. Instead, it is
practically more feasible to consider the non-interpolated partial sum process S̃n(u) =
1√
n

∑⌊un⌋
t=1 Xt, and the statistic

Dρ,n(S̃n) = max
m=1,...,n

ωΨ2(
m
n
, S̃n)/ρ(m/n)

= max
m=1,...,n

inf

{
Km > 0 :

1

n

n−m∑
a=0

Ψ2

(
∥
∑a+m

t=a+1Xt∥
Km ·

√
n

)
≤ 1

}/
ρ(m/n),

or the dyadic version

Dρ,n,dyadic(S̃n) = max
m=⌈2−jn⌉,j∈N0

ωΨ2(
m
n
, S̃n)/ρ(m/n).

The discretized but interpolated versions Dρ,n(Sn) and Dρ,n,dyadic(Sn) can be defined
analogously. Despite the discretization, these statistics admit the same limit distribution
as the continuous variants

Dρ(Sn) = |Sn|Bρ
Ψ2,∞

and Dρ,dyadic(Sn) = sup
j∈N0

ωΨ2(2
−j, Sn)/ρ(2

−j).

Theorem 4.7. Under the conditions of Theorem 4.1,

Dρ,n(Sn), Dρ,n(S̃n), Dρ(Sn) ⇒ Dρ(W ),

i.e. all three statistics converge to the same limit distribution. Similarly

Dρ,n,dyadic(Sn), Dρ,n,dyadic(Sn), Dρ,dyadic(Sn) ⇒ Dρ,dyadic(W ).

Moreover, for the same K = K(X ) as in Theorem 4.3, and for the critical modulus
ρ(h) =

√
h, these statistics converge beyond any threshold τ > (K + 2)∥X∥Ψ2.

11



5 Relation to the signal discovery problem

As a particular application of our analytical results in mathematical statistic, we consider
the nonparametric regression model

Yt = f( t
n
) + ηt, t = 1, . . . , n, (5)

for centered, sub-Gaussian random variables ηt with unit variance. When performing
inference on the unknown function f , a fundamental problem to test the simple null
hypothesis H0 : f = f0 for a given f0. We focus without loss of generality on the
canonical case f0 ≡ 0, which is also also known as the signal discovery problem, see
Spokoiny (1998); Walther and Perry (2022) and (Giné and Nickl, 2016, Sec. 6.2.3). Via
test inversion for all candidate signals f in nonparametric class of functions F , statistical
methods for this fundamental signal discovery problem readily enable goodness-of-fit
testing, nonparametric confidence intervals, and localization of structural breaks, as
outlined elsewhere (Köhne and Mies, 2025). Hence, the goal is to develop a test which
is consistent against a rich nonparametric class of alternative signals f .

As a motivating example, consider the sequence of local alternatives fn(u) = δn1(u ∈
[an, bn]) for 0 ≤ an < bn ≤ 1 and δn > 0, |bn − an| ≥ 1

n
. This alternative can be detected

with the global scan statistic maxI Tn(I) where Tn(I) = |
∑

t∈I Yt|/
√
I for any integer

interval I ⊂ [1, n]. Assuming standard Gaussian errors, and upon choosing a suitable
critical value of order

√
log n based on an extreme value limit distribution, the latter test

is consistent in the regime nδ2n|bn − an| > 2 log(n) (Sharpnack and Arias-Castro, 2016).
A better detection threshold is achieved by the multiscale scan statistic of Dümbgen
and Spokoiny (2001) of the form T ds

n = maxI Tn(I) −
√

2 log(en/|I|), which yields a
consistent test if nδ2n|bn − an| > 2 log(e/|bn − an|). Since its inception, the concept of
multiscale scan statistics has been exploited and developed by various researchers, e.g.
for changepoint detection (Frick et al., 2014) and density estimation (Dümbgen and
Walther, 2008). For non-Gaussian errors, the distribution of T ds

n can be approximated
by its Gaussian analogue, but only if a lower bound on the interval length I is imposed
(Frick et al., 2014; Dette et al., 2020). Thus, as discussed in Köhne and Mies (2025),
the method does not achieve the minimax rate of detection against very short signals.
Instead, it is argued therein that the multiplicatively weighted multiscale statistic

T km
n = max

I⊂[1,n]

Tn(I)√
log(en/|I|)

,

is more robust, as the central limit theorem applies to T km
n without a lower bound on

the interval length. Indeed, the statistic T km
n yields a consistent test if nδ2n|bn − an| ≫

log(e/|bn − an|), where the slightly stronger constraint is the price of not assuming
Gaussianity.

A fundamental limitation of these supremum-type statistics is that they only use
local information. If there are many disjoint intervals I for which Tn(I) almost exceeds
the critical value, the multiscale test will still not reject the null.
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Proposition 5.1. Let the errors ηt be standard Gaussian, and consider the sequence of
alternatives fn = δn sin(u/ln) with δn, ln → 0 such that 1 ≪ nδ2nln ≪ log(1/ln). Then
T ds
n and T km

n are stochastically bounded, i.e. the test fails to be consistent.

To connect this statistical problem to the regularity of Brownian motion, we note
that model (5) is equivalent to observing 1√

n

∑k
t=1 Yt =

1√
n

∑k
t=1 f(t) +

1√
n

∑k
t=1 ηt for

k = 1, . . . , n, which closely resembles the idealized Gaussian white noise model

Yn(u) =
√
n

∫ u

0

f(v) dv +Wv, u ∈ [0, 1], (6)

where Wv is a Brownian motion; see Tsybakov (2008, Sec. 1.10). In this setting,
the statistic T km

n corresponds to the Hölder seminorm |Y |Cρ1/2 = supu,v∈[0,1] |Y (u) −
Y (v)|/ρ1/2(|u − v|) with ρ1/2(h) =

√
h log(e/h), and the respective hypothesis test

is consistent against any sequence of alternatives fn such that |
√
nFn|Cρ1/2 → ∞,

where Fn(u) =
∫ u

0
fn(v) dv. For fn = δn sin(u/ln) as in Proposition 5.1, we have

|Fn|Cρ1/2 ∝
√

δ2nln/ log(1/ln), which reveals the regime where the test is inconsistent.
By moving from supremum-type statistics to functionals based on Orlicz norms, it is

possible to make better use of the global structure of the signal. Thus, we suggest to test
for f ≡ 0 via the test statistic |Y |

B
1/2
Ψ2,∞

, and use the quantiles of the random variable

|W |
B

1/2
Ψ2,∞

as critical values. This yields a consistent test if |
√
nFn|B1/2

Ψ2,∞
→ ∞. Because

the embedding Cρ1/2 ↪→ B
1/2
Ψ2,∞ is strict, this statistic is powerful against a broader range

of alternatives fn where |
√
nFn|B1/2

Ψ2,∞
→ ∞ while |

√
nFn|Cρ1/2 → 0. This specifically

helps for the signals introduced above, without making explicit use of the periodicity. It
turns out that the nonparametric Besov-Orlicz test detects the sinusoidal alternative if
nδ2nln ≫ 1, where classical multiscale tests fail. This is a consequence of the following
more general result about lower bounds on Besov-Orlicz norms.

Proposition 5.2. Let f : [0, 1] → R and I1, . . . , Im ⊂ [0, 1] be disjoint intervals such
that |Ik| ≥ 2h for each k, and either f(u) ≥ δ for all u ∈ Ik, or f(u) ≤ −δ for all u ∈ Ik.
Then

|F |Bρ
Ψ,∞

≥ δh

ρ(h)Ψ−1( 1
mh

)
.

In particular, for ρν(h) =
√
h| log h|1/ν,

|F |
B

1/2
Ψ2,∞

≥ δ
√
h| log e

mh
|−

1
2 , |F |Bρν

∞,∞ ≥ δ
√
h| log e

h
|−

1
ν ,

|F |
B

1/2
p,∞

≥ δ
√
h(mh)

1
p , |F |Bρν

Ψp,∞
≥ δ

√
h| log e

h
|−

1
ν | log e

mh
|−

1
p .

To compare the Besov-Orlicz statistic with the usual multiscale statistic, we contrast
the lower bounds for the seminorms of F in B

1/2
Ψ2,∞ and Bρ2

∞,∞ and find that the former

is bigger if m is large. For m ∝ 1/h, the difference amounts to a factor
√

| log h| which
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enables the detectability of the sine signal in the regime 1 ≪ nδ2nln ≪ log(1/ln). We
highlight that the sine signal only serves as illustration, while Proposition 5.2 illustrates
the consistency of the procedure against a broader range of alternatives. In particular,
our test is nonparametric and does not use the specific sinusoidal shape.

To apply these ideas beyond the idealized white noise model, and rather to the
original regression model (5), we consider the interpolated partial sum process Sn(u)
and use the Besov-Orlicz test statistic T bo

n = |
√
nSn|B1/2

Ψ2,∞
. By virtue of Theorem 4.3,

T bo
n converges in distribution to the Besov-Orlicz seminorm of W . That is, our new

functional central limit theorem makes the connection between the regression model (5)
and the idealized white noise model (6) precise.

We illustrate the difference of using the Besov-Orlicz versus the Hölder as statistic
via a simulation. First, we consider the power of the two test statistics in the white-
noise model. For the simulation, we choose a discretization grid of mesh size 10−5 for
the discretization of the Brownian motion, the integrals for the Besov-Orlicz norm, and
as evaluation points of the Hölder norm. Moreover, to save computational time, we
evaluate the supremum h ∈ (0, 1) only on a dyadic grid. With this setup, each test
statistic is simulated multiple times under the null, i.e. without a signal, and under the
alternative, i.e. with a signal. The p-values under the alternative are computed based
on the simulation of the null case, and thus corrected for discretization effects.

To show that the benefits of the Besov-Orlicz statistic are not restricted to the sine
function, we consider the following signal, inspired by Proposition 5.2: For a length scale
l and a magnitude δ, we set

fflip(x) =

⌈1/(2l)⌉∑
k=0

ηk [1(x ∈ [2kl, (2k + 1)l)− 1(x ∈ [(2k + 1)l, 2(k + 1)l)] ,

where ηk are iid Rademacher random variables, see Figure 1(a). In every simulation
round, the signs ηk are sampled independently. For each lengthscale, the magnitude is
chosen such that nδ2l = | log2 l|1/4. Thus, as l → 0, Proposition 5.1 and 5.2 suggests that
the Besov-Orlicz statistic should be consistent, while the Hölder statistic is inconsistent.
This is in line with the empirical performance as shown in Figure 1, which demonstrates
the power of the test as a function of the significance level, i.e. the ROC curve.

As a second example, we consider the Doppler function fdoppler(x) = δ sin(4/x)
for different

√
nδ ∈ {2, 4, 8}, see Figure 2(a). In this case, both statistics perform

comparably. This shows that the Besov-Orlicz statistic yields stronger tests is certain
regimes, and generally comparable tests, which reflects the fact that B

1/2
Ψ2,∞ ↪→ Cρ1/2 is

a strict, continuous embedding.

6 Discussion

While the functional central limit theorem is formulated for iid random variables, an
extension to independent but nonstationary data is possible because the tightness result,
Theorem 3.2, does not require stationarity. For example, one might study a locally
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(a) Signal fflip with length scale l = 2−4. (b) Power against fflip with l = 2−2.

(c) Power against fflip with l = 2−4. (d) Power against fflip with l = 2−6.

Figure 1: Example test signal (a) and ROC curves (b-d) for the Besov-Orlicz statistic
∥Yn∥B1/2

Ψ2,∞
and the Hölder statistic ∥Yn∥Cρ1/2 in the white noise model, with alternatives

fflip. Reported quantities are based on 104 Monte Carlo simulations.
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(a) Signal fdoppler with δ = 1. (b) Power against fdoppler with
√
nδ = 2.

(c) Power against fdoppler with
√
nδ = 4. (d) Power against fdoppler with

√
nδ = 8.

Figure 2: Example test signal (a) and ROC curves (b-d) for the Besov-Orlicz statistic
∥Yn∥B1/2

Ψ2,∞
and the Hölder statistic ∥Yn∥Cρ1/2 in the white noise model, with alternatives

fdoppler. Reported quantities are based on 104 Monte Carlo simulations.
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stationary array Xt,n ∼ Pt/n of rows of independent random variables, where Pu is a
probability distribution on X for each u ∈ [0, 1] such that ∥Xt,n∥Ψ2 admits an upper
bound. Existing invariance principles for locally stationary data show that Sn ⇒ W in
C[0, 1] for an inhomogeneous Brownian motion W , see e.g. Mies (2023), and Theorem
3.2 allows to conclude (thresholded) weak convergence in Bρ

Ψ2,∞.
The independence of the random variables is only needed for condition (ii) of The-

orem 3.2, and the partial sum process would still satisfy this condition if the Xt were
m-dependent instead of independent. However, a tightness result for more general tem-
poral dependence structures would require an adaptation of the proof tailored to the
specific ergodicity assumptions, such as mixing conditions (Bradley, 2005) or a decaying
functional dependence measure in a nonlinear Bernoulli shift model (Wu, 2005).

Regarding the regularity results for the Brownian motion, it is not clear whether
the rates established in Theorem 3.4 are sharp, and whether the difference between the
almost sure rate and the rate in probability is indeed a property of Brownian motion, or
merely a limitation of our proof. One approach could be to derive a distributional limit
of h−1/4[ωΨ2(h,W )/

√
h −

√
8/3] for h → 0, as done by Marcus and Rosen (2008a) for

the Lp modulus, which provides a promising avenue for future investigations.

A Proofs

Proof of Proposition 2.4: Embeddings

Consider X = R first. We start by showing that that the Besov-Orlicz space can be
embedded in C[0, 1]. Consider X = R, and let r > 0 such that ρ(h) ≪ ρr(h) := hr as
h → 0. Then Bρ

Ψ2,∞ ⊂ Br
p,∞ for any p > 1, and the latter space embeds into C[0, 1] by

standard Besov embeddings. That is, for any f : [0, 1] → R such that ∥f∥Bρ
Ψ2,∞

≤ 1,

there exists a f ∗ ∈ C[0, 1] with f ∗ = f almost everywhere. Moreover, by the continuous
embedding Br

p,∞ ↪→ Cs for any s < r − 1
p
(Giné and Nickl, 2016, Prop. 4.3.2), this f ∗ is

uniformly continuous with modulus of continuity ω(h) ≤ Chs∥f∥Bρ
Ψ2,∞

, for some C not

depending on f . In the sequel, we identify f with f ∗.
Now let x∗ ∈ [0, 1] and h ∈ [0, 1] such that |f(x∗+h)−f(x∗)| = supx∈[0,1] suph̃≤h |f(x+

h̃) − f(x)| = ω(f, h). Then |f ∗(x + h) − f(x)| ≥ ω(f, h)/2 for all |x − x∗| ≤ ∆ :=
(ω(f, h)/(4C))1/s, and thus

ωΨ2(f, h) = ∥f(·+ h)− f(·)∥Ψ2

≥ inf

{
K > 0 :

∫
x∗±∆

Ψ2

(
|f(x+ h)− f(x)|

K

)
dx ≤ 1

}
≥ inf

{
K > 0 : ∆ ·Ψ2

(
ω(f, h)

2K

)
dx ≤ 1

}
=

ω(f, h)

2Ψ−1
2 ( 1

∆
)

=
ω(f, h)

2
√

log(1 + 1
∆
)

17



≥ ω(f, h)

C
√

log(e+ 1
ω(f,h)

)
,

for a sufficiently big universal C. Now note that the function φ : [0, ω(f, 1)] → R, z 7→
z/
√
log(e+ 1/z) is strictly increasing, and thus

ω(f, h) ≤ φ−1(CωΨ2(f, h)).

Moreover, observe that

φ
(
z
√

log(e+ 1/z)
)
= z ·

√√√√√ log(e+ 1
z
)

log

(
e+ 1

z
√

log(e+ 1
z
)

) ≥ z.

This allows us to conclude that φ−1(y) ≤ y
√

log(e+ 1/y). Thus, for a potentially bigger
C,

ω(f, h) ≤ φ−1 (CωΨ2(f, h)) ≤ CωΨ2(f, h)
√

log(e+ 1/ωΨ2(f, h))

≤ Cρ(h)
√
log(e+ 1/ρ(h))

≤ Cρ(h)
√
log(e/h) = Cρ∗(h),

because ρ(h) ≥ ch. This proves the continuous embedding into Cρ∗ for real-valued
functions.

Now let X be a separable Banach space with countable dense subset D. For any
f ∈ Bρ

Ψ2,∞, and y ∈ D, define the real-valued function fy(x) = ∥x − y∥ such that
|fy|Bρ

Ψ2,∞
≤ |f |Bρ

Ψ2,∞
by the triangle inequality. As a consequence of the real-valued

embedding established above, all fy admit a joint, uniform modulus of continuity ω(h) ≤
Cρ∗(h). Hence, there exists a f ∗

y ∈ C[0, 1] and a set Ay with |Ay| = 1 and f ∗
y (x) = fy(x)

for all x ∈ Ay. Let A =
⋂

y∈D Ay such that |A| = 1. The restricted function f : A → X
is uniformly continuous, because for any y ∈ D,

∥f(x+ h)− f(x)∥ ≤ inf
y∈D

∥f(x+ h)− y∥+ ∥f(x)− y∥

≤ inf
y∈D

|∥f(x+ h)− y∥ − ∥f(x)− y∥|+ 2∥f(x)− y∥

= inf
y∈D

|fy(x+ h)− fy(x) + 2∥f(x)− y∥

≤ ω(h) + 2 inf
y∈D

∥f(x)− y∥ = ω(h).

Hence, we can extend f continuously from A to [0, 1] such that ∥f(x + h) − f(x)∥ ≤
Cρ∗(h). This establishes the embedding into Cρ∗ in the infinite dimensional case.

Regarding the compactness of the embedding, suppose thatK is bounded by 1 with-

out loss of generality. Then its closure K is also bounded by one. Since Kt is compact
and all f ∈ K are uniformly equicontinuous as shown above, we find that K is compact
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in C[0, 1] by Arzela-Ascoli. Thus, if fn ∈ K such that fn → f in Bρ′

Ψ2,∞, then also

fn → f uniformly, and hence fn(t) → f(t). This yields that Kt = (Kt), and the latter is
also compact. That is, the closure K satisfies the same qualitative properties as K, and
thus to establish relative compactness, we may assume without loss of generality that
K is closed.

Using again the compactness of K in C[0, 1], let fn ∈ K be a sequence such that
fn → f in uniformly, and thus also ∥fn − f∥Ψ2 → 0. We want to show that fn → f in

Bρ′

Ψ2,∞. Because g 7→ ωΨ2(g, h) is continuous on the domain C[0, 1] for each fixed h > 0,
we find that ωΨ2(f, h) = limωΨ2(fn, h) ≤ ρ(h). Hence, ∥f∥Bρ

Ψ2,∞
≤ supg∈K ∥g∥Bρ

Ψ2,∞
≤ 1.

Then, for any δ > 0,

lim sup
n→∞

sup
h∈(0,1)

ωΨ2(fn − f, h)

ρ′(h)

≤ lim sup
n→∞

sup
h∈(δ,1)

ωΨ2(fn − f, h)

ρ′(h)
+ lim sup

n→∞
sup

h∈(0,δ]

ωΨ2(fn − f, h)

ρ′(h)

≤ lim sup
n→∞

sup
h∈(δ,1)

ωΨ2(fn − f, h)

ρ′(h)
+ sup

h∈(0,δ]

2ρ(h)

ρ′(h)

= sup
h∈(0,δ]

2ρ(h)

ρ′(h)
.

The latter term tends to zero as δ → 0 as ρ′ ≫ ρ. Since δ > 0 is arbitrary, we conclude
that | suph∈(0,1)

ω(fn−f,h)
ρ(h)

| → 0 as n → ∞, and thus fn → f in Bρ′

Ψ2,∞.

Returning to the special case X = R, boundedness of K in Bρ
Ψ2,∞ implies that each

Kt is bounded and hence compact. Otherwise, if there exists a sequence fn ∈ K with
fn(t) → ∞, then the equicontinuity of K would imply that ∥fn∥Ψ2 → ∞ as well, which
contradicts the boundedness of fn in Bρ

Ψ,∞.

Proof of Theorem 3.1 and 3.2

The major part of the argument to establish Theorem 3.1 and 3.2 is the same, hence we
present it jointly.

Denote hi,j = j2−i. Suppose we can establish that for some increasing function H(h)
with H(0) > 0, and some ζ ∈ (0, 1),

ωΨ2(hi,j, Z) ≤ H(hi,j)τ
√

hi,j, i ≥ | log2 δ|, j = 1, . . . , 2⌊iζ⌋. (7)

Then for any h ∈ (0, 1), choose m = m(h) ∈ N such that 2−(m+1)(1−ζ) < h ≤ 2−m(1−ζ).
We can then find a j(h) ≤ 2⌊mζ⌋ such that j(h)2−m ≤ h < [j(h) + 1]2−m. Denote
[h] = j(h)2−m(h), so that [h] is a left neighbor of h on the dyadic grid {k2−m(h) : k =
0, . . . , 2m(h)}. Thus, we may write h as the series

h = [h] +
∞∑

k=m

ak(h)2
−k, ak(h) ∈ {0, 1}.
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Hence, provided that (7) holds, we find for any h ≤ δ that

ωΨ2(h, Z) ≤ ωΨ2 ([h], Z) +
∞∑

k=m(h)

ωΨ2

(
2−k, Z

)
≤ H([h])τ

√
[h] +H(2−m)

∞∑
k=m(h)

τ2−
k
2

≤ H(h)τ
√
h+ τH(2−m(h))2−

m(h)
2

√
2√

2− 1

≤ H(h)τ
√
h+H(h

1
1−ζ )τ

√
h

1
1−ζ

√
2√

2− 1
, (8)

which implies

lim sup
h→0

ωΨ2(h, Z)√
h

≤ τH(0).

In view of the derivations above, it is sufficient to establish (7). That is, we need to
control the probability

P
(
ωΨ2(hi,j, Z) ≥ H(hi,j)τ

√
hi,j for some i ≥ | log2 δ|, j ≤ 2iζ

)
≤ P

(
ωΨ2(hi,j, Z) ≥ H(hi,j)τ

√
hi,j for some | log2 δ| ≤ i ≤

⌊
| log2(h0/M)|

1− ζ

⌋
, j ≤ 2iζ

)
+ P

(
R > H(0)τ

√
M
)

≤

⌊
| log2(h0/M)|

1−ζ

⌋∑
i=⌈| log2 δ|⌉

2⌊iζ⌋∑
j=1

P
(
ωΨ2(hi,j, Z) ≥ H(hi,j)τ

√
hi,j

)
+ P

(
R > H(0)τ

√
M
)
, (9)

where we used condition (iii) in the last step, and M ∈ N will be specified later. To
bound (9), we proceed differently for condition (i), i.e. Theorem 3.1, and condition (i)’,
i.e. Theorem 3.2. Specifically, we need to choose a different function H.

Proof of Theorem 3.1. Choose H(h) = 1 + ϵ constant, for any ϵ > 0. Via Lemma 3.3,
we obtain ⌊

| log2(h0/M)|
1−ζ

⌋∑
i=⌈| log2 δ|⌉

2⌊iζ⌋∑
j=1

P
(
ωΨ2(hi,j, Z) ≥ H(hi,j)τ

√
hi,j

)

≤

⌊
| log2(h0/M)|

1−ζ

⌋∑
i=⌈| log2 δ|⌉

2⌊iζ⌋∑
j=1

C

ϵ2
(hi,j ∨ h0)

2ϵ ≤ CM2ϵ

ϵ2

∞∑
i=⌈| log2 δ|⌉

2⌊iζ⌋∑
j=1

h2ϵ
i,j

≤ CM2ϵ

ϵ2

∞∑
i=⌈| log2 δ|⌉

2i(ζ−2ϵ).
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Upon choosing ζ < 2ϵ, the latter series is summable. Now let M = M(δ) → ∞
sufficiently slow such that the latter term tends to zero as δ → 0, while at the same time

P
(
R > H(0)τ

√
M
)
≤ G(H(0)τ

√
M) → 0. We find that the probability in (9) vanishes

as δ → 0, hence (7) holds almost surely as δ → 0, and (8) yields simultaneously for all
h ≤ δ

ωΨ2(h, Z) ≤ τ
√
h (1 + ϵ)

(
2
√
2√

2− 1
h

1
2(1−ζ)

− 1
2

)
≤ τ

√
h (1 + ϵ)

(
2
√
2√

2− 1
δ

1
2(1−ζ)

− 1
2

)
.

For δ small enough, the latter bound is smaller than τ
√
h(1+2ϵ). Since ϵ > 0 is arbitrary,

this establishes the claim of Theorem 3.1.

Proof of Theorem 3.2. Via Lemma 3.3, we obtain for any p ∈ (1, 4
3
), and for H(h) =

1 + hs,

⌊
| log2(h0/M)|

1−ζ

⌋∑
i=⌈| log2 δ|⌉

2⌊iζ⌋∑
j=1

P
(
ωΨ2(hi,j, Z) ≥ H(hi,j)τ

√
hi,j

)

≤ C(p, κ)

⌊
| log2(h0/M)|

1−ζ

⌋∑
i=⌈| log2 δ|⌉

2⌊iζ⌋∑
j=1

(
H(hi,j)

H(hi,j)− 1

)p

(hi,j ∨ h0)
p−1

≤ CMp−1

⌊
| log2(h0/M)|

1−ζ

⌋∑
i=⌈| log2 δ|⌉

2⌊iζ⌋∑
j=1

(
H(hi,j)

H(hi,j)− 1

)p

hp−1
i,j

≤ CH(δ)pMp−1

∞∑
i=⌈| log2 δ|⌉

2⌊iζ⌋∑
j=1

(H(hi,j)− 1)−p hp−1
i,j

≤ C2pMp−1

∞∑
i=⌈| log2 δ|⌉

2⌊iζ⌋∑
j=1

h
p(1−s)−1
i,j = 2pMp−1

∞∑
i=⌈| log2 δ|⌉

2−i(p(1−s)−1)

2⌊iζ⌋∑
j=1

jp(1−s)−1

≤ C2pMp−1

∞∑
i=⌈| log2 δ|⌉

2i[1−p(1−s)(1−ζ)].

Upon choosing p < 4
3
big enough, the latter series is summable for any s < 1 − 3

4(1−ζ)
.

Now let M = M(δ) → ∞ sufficiently slowly such that the latter term tends to zero as

δ → 0, while at the same time P
(
R > H(0)τ

√
M
)
≤ G(H(0)τ

√
M) → 0. We find that

the probability in (9) vanishes as δ → 0, hence (7) holds almost surely as δ → 0, and
(8) yields simultaneously for all h ≤ δ

ωΨ2(h, Z) ≤ τ
√
h

(
1 + hs +

2
√
2√

2− 1
h

1
2(1−ζ)

− 1
2

)
.
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To balance the rates, we choose ζ = 1
6
and s < 1

4
− ζ = 1

10
. This yields

ωΨ2(h, Z) ≤ τ
√
h

(
1 +

4
√
2√

2− 1
hs

)
,

which implies

lim sup
h→0

h−s

[
ωΨ2(h, Z)√

h
− τ

]
≤ τ

√
2√

2− 1
almost surely.

Since s < 1
10

is arbitrary, we conclude that the limit is indeed zero.

Proof of Lemma 3.3

Denote ξ = ξ(r) =
√
hτ(1 + r) for brevity, and assume τ = 1 without loss of generality.

We observe that

P (ωΨ2(h, Z) > ξ)

≤ P

[∫ 1−h

0

Ψ2

(
|Z(u+h)−Z(u)|

ξ

)
du > 1

]
= P

[∫ 1−h

0

Ψ2

(
|Zu+h−Zu|

ξ

)
− EΨ2

(
|Zu+h−Zu|

ξ

)
du > 1−

∫ 1−h

0

EΨ2

(
|Zu+h−Zu|

ξ

)
du

]
.

Now observe that x2 exp(x2) ≥ exp(x2)−1 because x2 ≥ 1−exp(−x2) = x2 exp(−x̃2)
for some |x̃| ≤ |x|, and thus

d

dz
E exp

(
z2 |Zu+h − Zu|2

)
= 2E

{
z|Zu+h − Zu|2 exp

(
z2 |Zu+h − Zu|2

)}
=

2

z
E
{
z2|Zu+h − Zu|2 exp

(
z2 |Zu+h − Zu|2

)}
≥ 2

z
E
[
exp(z2|Zu+h − Zu|2)− 1

]
=

2

z
EΨ2(z|Zu+h − Zu|).

Hence, for some r̃ ∈ [0, r],

E exp
(

|Zu+h−Zu|
ξ(r)

)2
= E exp

(
|Zu+h−Zu|

ξ(0)

)2
− r

d

dr
E exp

(
|Zu+h−Zu|

ξ(r)

)2 ∣∣
r=r̃

= E exp
(

|Zu+h−Zu|
ξ(0)

)2
− r

ξ′(r̃)

ξ(r̃)2
d

dz
E exp

(
z2|Zu+h − Zu|2

) ∣∣∣
z=1/ξ(r̃)

≤ E exp
(

|Zu+h−Zu|
ξ(0)

)2
− r

ξ′(r̃)

ξ(r̃)2
2ξ(r̃)EΨ2

(
|Zu+h − Zu|

ξ(r̃)

)
≤ 2− 2r

1 + r
,
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and thus EΨ2

(
|Zu+h−Zu|

ξ(r)

)
≤ 1− 2r

1+r
. We conclude that

1−
∫ 1−h

0

EΨ2

(
|Zu+h−Zu|

ξ

)
du ≥ h+ (1− h)

2r

1 + r
≥ r

1 + r
.

We thus found

P (ωΨ2(h, Z) ≥ ξ(r)) ≤ P

[∫ 1−h

0

Ψ2

(
|Zu+h−Zu|

ξ(r)

)
− EΨ2

(
|Zu+h−Zu|

ξ(r)

)
du >

r

1 + r

]
.(10)

For some M such that h > h0/M , i.e. M > h0/h, we decompose∣∣∣∣∫ 1−h

0

Ψ2

(
|Zu+h−Zu|

ξ

)
− EΨ2

(
|Zu+h−Zu|

ξ

)
du

∣∣∣∣
≤

M∑
i=0

∣∣∣∣∣∣
∑

j mod (M+1)=i

∫ jh

(j−1)h

Ψ2

(
|Zu+h−Zu|

ξ

)
− E(. . .) du

∣∣∣∣∣∣ .
The i-th term is the sum of (hM)−1 independent random variables. Using the inequality
∥
∑n

i=1Xi∥pLp
≤ 2

∑n
i=1 ∥Xi∥pLp

for any p ∈ [1, 2] and independent centered random
variables Xi, see (Von Bahr and Esseen, 1965, Thm. 2), we find∥∥∥∥∫ 1−h

0

Ψ2

(
|Zu+h−Zu|

ξ

)
− E(. . .) du

∥∥∥∥
Lp

≤
M∑
i=0

∥∥∥∥∥∥
∑

j mod (M+1)=i

∫ jh

(j−1)h

Ψ2

(
|Zu+h−Zu|

ξ

)
− E(. . .) du

∥∥∥∥∥∥
Lp

≤ 2
1
pM(hM)−

1
p max

j

∫ jh

(j−1)h

∥∥∥Ψ2

(
|Zu+h−Zu|

ξ

)
− E(. . .)

∥∥∥
Lp

du

≤ 2(hM)1−
1
p max
u∈[0,1−h]

∥∥∥Ψ2

(
|Zu+h−Zu|

ξ

)
− E(. . .)

∥∥∥
Lp

≤ 4(hM)1−
1
p max
u∈[0,1−h]

[
EΨ2

(
|Zu+h−Zu|

ξ

)p] 1
p

≤ 16(h ∨ h0)
1− 1

p max
u∈[0,1−h]

[
EΨ2

(
|Zu+h−Zu|

ξ

)p] 1
p

. (11)

In the last step, we specify M = 1 if h > h0, and otherwise M = ⌈h0/h⌉ ≥ 2h0/h. In
both cases, hM ≤ 2(h ∨ h0).

To bound (11), we use the conditions (i) resp. (i)’.
Under condition (i), Lemma A.2 below yields

(11) ≤ 16(h ∨ h0)
1− 1

p

(
2 +

2
(1+r)2

p
− 1

) 1
p
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In combination with (10), we obtain

P (ωΨ2(h, Z) > ξ(r)) ≤ 162(h ∨ h0)
p−1

(
2 +

2
(1+r)2

p
− 1

)

= C(h ∨ h0)
p−1

(
(1 + r)2

(1 + r)2 − p

)
.

Letting p = 1 + ηr ≤ 2 for some η ∈ (0, 2) and r ∈ [0, 1
2
], we find

P (ωΨ2(h, Z) > ξ(r)) = C(h ∨ h0)
ηr

(
1

r2 + (2− η)r

)
, r ∈ [0, 1

2
].

Under condition (i)’, Lemma A.1 below implies that

(11) ≤ 16(h ∨ h0)
1− 1

p

[
1− 3

4

p

(1 + r)2

]− 1
2p

,

which is finite for p < 4
3
In combination with (10), we obtain

P (ωΨ2(h, Z) > ξ(r)) ≤ 4pκp

(
r

1 + r

)−p

(h ∨ h0)
p−1

[
1− 3

4

p

(1 + r)2

]− 1
2

≤ 16p(1 + κ)p
(

r

1 + r

)−p

(h ∨ h0)
p−1

[
1− 3

4
p

]− 1
2

.

Lemma A.1. Condition (i)’ implies

E exp
(
∥Zu − Zv∥2/K2

)
≤ κ

[
1− 3

4

τ 2|u− v|
K2

]− 1
2

. (12)

Proof of Lemma A.1. We generalize the argument presented by Leskelä and Zhukov
(2026) to the extended tail condition (i)’ for Banach spaces. Let Z be a random variable
taking values in (X , ∥ · ∥) such that E exp(λ∥Z∥) ≤ exp(C2λ2/2) for all λ ∈ R. For any
K > 0, and a standard normal random variable η, independent of Z,

exp
(
∥Z∥2/K2

)
=

∫
exp(η ·

√
2∥Z∥/K) dP (η),

and thus

E exp
(
∥Z∥2/K2

)
= E exp(η ·

√
2∥Z∥/K)

≤ κE exp
(
C2η2/K2

)
= κ

∫ ∞

−∞

1√
2π

e−x2/2 exp
(
C2x2/K2

)
dx =

κ√
1− 2C2/K2

,

for anyK >
√
2C. With C2 = 3

8
τ 2|u−v|, we obtain (12). In particular, forK = C

√
8/3,

we find that (i)’ implies (ii).
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Lemma A.2. For a sub-Gaussian random variable X taking values in a normed space
(X , ∥ · ∥), and 1 ≤ p < K2,

EΨ2

(
∥X∥

K∥X∥Ψ2

)p

≤
∫ ∞

0

2

(1 + v1/p)K2 dv

≤

2 + 2
K2

p
−1

, p > 1,

2
K2−1

, p = 1.

Proof of Lemma A.2. By rescaling, let ∥X∥Ψ2 = 1 without loss of generality. Then
EΨ2(∥X∥) ≤ 1, i.e. E exp(∥X∥2) ≤ 2, and thus

EΨ2(∥X∥/K)p =

∫ ∞

0

P
(
exp(∥X∥2/K2) > 1 + v1/p

)
dv

=

∫ ∞

0

P
(
exp(∥X∥2) > (1 + v1/p)K

2
)
dv

≤
∫ ∞

0

2

(1 + v1/p)K2 dv

≤ 2 + 2

∫ ∞

1

v−K2/p dv = 2 +
2

K2

p
− 1

.

Note that this bound is very loose. For p = 1, the integral can be computed explicitly
by shifting v 7→ v + 1.

Proof of Theorem 3.4: Regularity of Brownian motion

First, note that ∥W (1)∥Ψ2 < ∞ by virtue of Fernique’s Theorem, which states that
E exp(η|W (1)|2) < ∞ for some η > 0; see e.g. (Da Prato and Zabczyk, 2014, Thm. 2.7).

The upper bound lim suph→0 ωΨ2(h,W )/
√
h ≤ ∥W (1)∥Ψ2 is a consequence of Theo-

rem 3.1 with h0 = 0 and τ = ∥W (1)∥Ψ2 , and the Brownian self-similarity W (u + h) −
W (u)

d
=

√
hW (1).

For the respective lower bound, choose any K < ∥W (1)∥Ψ2 and write∫ 1− 1
n

0

Ψ2

 |W (u+ 1
n
)−W (u)|

K
√

1
n

 =
n−1∑
i=0

∫ i+1
n

i
n

Ψ2

 |W (u+ 1
n
)−W (u)|

K
√

1
n

 du

d
=

1

n

n−1∑
i=0

∫ 1

0

Ψ2

(
|W (i+ v + 1)−W (i+ v)|

K

)
dv,

using the self-similarity of the Brownian motion. Since the processes [W (i + v + 1) −
W (i+ v)]v∈[0,1] and [W (j+ v+1)−W (j+ v)]v∈[0,1] are standard Brownian motions, and
independent for |i− j| ≥ 2, the standard law of large numbers yields

1

n

n−1∑
i=0

∫ 1

0

Ψ2

(
|W (i+ v + 1)−W (i+ v)|

K

)
dv
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a.s.−−→ E
[∫ 1

0

Ψ2

(
|W (v + 1)−W (v)|

K

)
dv

]
= EΨ2(|W (1)|/K).

If K < ∥W (1)∥Ψ2 , then this limit is larger than 1. Hence, for any K < ∥W (1)∥Ψ2 ,
almost surely there is a (random) N such that ωΨ2(

1
n
,W )

√
n ≥ K for all n ≥ N . Hence,

almost surely, lim suph→0 ωΨ2(h,W )/
√
h ≥ ∥W (1)∥Ψ2 .

Proof of Theorem 4.1 and Theorem 4.3: Functional weak con-
vergence

Lemma A.3. Let X1, . . . , Xn be independent centered random variables taking values
in a type-2 Banach space (X , ∥ · ∥). Then there exists a constant K = K(X ) such that∥∥∥∥∥

n∑
i=1

Xi

∥∥∥∥∥
Ψ2

≤ K

√√√√ n∑
i=1

∥Xi∥2Ψ2
.

Proof of Lemma A.3. For iid Rademacher random variables ϵi, i.e. P (ϵi = 1) = P (ϵi =
−1) = 1/2, we may use the symmetrization bound (Ledoux and Talagrand, 2011, Lemma
6.3) and a sub-Gaussian concentration inequality (Ledoux and Talagrand, 2011, Theorem
6.21) to obtain ∥∥∥∥∥

n∑
t=1

Xt

∥∥∥∥∥
Ψ2

≤ K

∥∥∥∥∥
n∑

t=1

Xt

∥∥∥∥∥
L1

+K

√√√√ n∑
t=1

∥Xt∥2Ψ2

≤ 2K

∥∥∥∥∥
n∑

t=1

ϵtXt

∥∥∥∥∥
L1

+K

√√√√ n∑
t=1

∥Xt∥2Ψ2
.

Since X is of type 2,∥∥∥∥∥
n∑

t=1

ϵtXt

∥∥∥∥∥
L1

≤

∥∥∥∥∥
n∑

t=1

ϵtXt

∥∥∥∥∥
L2

≤ K(X )

√√√√ n∑
t=1

∥ϵtXt∥2L2
≤ KX

√√√√ n∑
t=1

∥ϵtXt∥2Ψ2
.

Lemma A.4. Let Xi be iid centered, sub-Gaussian random variables such that ∥Xi∥Ψ2 <
∞. Then the interpolated partial sum process Sn satisfies conditions (ii) and (iii) of

Theorem 3.1 with h0 =
2
n
, and G(r) = 2/

(
r2

32τ2
− 1
)
.

Proof of Lemma A.4. Condition (ii) is obvious. For condition (iii), let

R∗ = inf

{
r :

1

n

n∑
i=1

Ψ2

(
∥Xi∥
r

)
≤ 1

}
,
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with the convention X0 = 0. For h ≤ 1
n
, and u ∈ [ k

n
, k+1

n
), the construction of Sn yields

∥Sn(u+h)−Sn(u)∥ ≤ h
√
nmax(∥Xk+2∥, ∥Xk+1∥). Thus, with the notational convention

Xn+1 = Xn and X0 = 0, and using h0 = 2/n,

∫ 1−h

0

Ψ2

∥Sn(u+ h)− Sn(u)∥
√
8
√
h
√

h
h0
R∗

 du

≤ 1

n

n−1∑
k=0

Ψ2

 √
nh

√
8
√
h
√

h
h0
R∗

(∥Xk+2∥ + ∥Xk+1∥)


=

1

n

n−1∑
k=0

Ψ2

(
1

2R∗ (∥Xk+2∥ + ∥Xk+1∥)
)

≤ 1.

Hence, condition (iii) holds with R =
√
8R∗. Moreover,

P (R∗ > r) ≤ P

(
1

n

n∑
i=1

Ψ2

(
∥Xi∥
r

)
>

1

2

)

≤ 2E

[
1

n

n∑
i=1

Ψ2

(
∥Xi∥
r

)]
≤ 2

( r
2τ
)2 − 1

=: G(r)
r↓0−→ 0,

by virtue of Lemma A.2.

Proof of Theorem 4.1. Since X is a Banach space of type 2, and the random variables
Xt have finite second moments, they satisfy the central limit theorem, see Hoffmann-
Jørgensen and Pisier (1976). From condition (ii) of Theorem 4.1 and the independence of
Xt, we may readily conclude that (Sn(ui))i=1,...,m ⇒ (W (ui))i=1,...,m for any u1, . . . , um ∈
[0, 1]. To establish tightness for the invariance principle, we use Theorem 4.3, and
conditions (ii) and (iii) therein hold by virtue of Lemma A.4. Moreover, observe that
Sn(u) − Sn(v) =

∑n
i=1Xiwi,n(u, v) for weights with

∑n
i=1 w

2
i,n ≤ |u − v|. Hence, via

Lemma A.3,

∥Sn(u)− Sn(v)∥Ψ2 ≤ C

√√√√ n∑
i=1

wi,n(u, v)2∥Xi∥2Ψ2
≤ Cτ

√
|u− v|,

for some C = C(X ). This establishes condition (i) of Theorem 4.3. Hence, ∥Sn∥B1/2
Ψ2,∞

is stochastically bounded. Since B
1/2
Ψ2,∞ ↪→ Bρ

Ψ2,∞ is compact by Proposition 2.4, the
sequence Sn is relatively compact in Bρ

Ψ2,∞. We obtain weak convergence by virtue of
Prokhorov’s Theorem.

27



Proof of Theorem 4.3. By Theorem 4.1, Sn ⇒ W in C[0, 1]. For any δ > 0, the map-
ping T[δ,1) : f 7→ suph∈[δ,1) ωΨ2(h, f)/

√
h is a continuous functional on C[0, 1], and

thus T[δ,1)(Sn) ⇒ T[δ,1)(W ). Now define T(0,δ)(f) = suph∈(0,δ) ωΨ2(h, f)/
√
h, such that

|f |
B

1/2
Ψ2,∞

= max(T(0,δ)(f), T[δ,1)(f)).

In the proof Theorem 4.1, we established the sufficient conditions of Theorem 3.1 for
some τ = K(X )∥X∥Ψ2 . Thus for any t > τ , we find lim supn P (T(0,δ)(Sn) > τ + ϵ) → 0
as δ → 0. On the other hand, T[δ,1)(W ) → |W |

B
1/2
Ψ2,∞

as δ → 0. Thus, for any t > τ ,

lim sup
n→∞

P

(
|Sn|B1/2

Ψ2,∞
≥ t

)
≤ lim sup

n→∞
P (T(0,δ)(Sn) ≥ t) + lim sup

n→∞
P (T[δ,1)(Sn) ≥ t)

≤ P (T[δ,1)(W ) ≥ t)
δ↓0−→ P (T(0,1)(W ) ≥ t).

This establishes the thresholded weak convergence by the Portmanteau Lemma.
Now consider the special case X = R with the additional condition that E exp(λXt) ≤

exp(λ2σ2/2). It suffices to establish condition (i) of Theorem 4.3 with τ = σ
√

8/3. With
the same weights wi,n(u, v) as above, we find

E exp (λ[Sn(u)− Sn(v)]) = E exp

(
λ

n∑
i=1

wi,n(u, v)Xi

)
=

n∏
i=1

E exp (λwi,n(u, v)Xi)

≤ exp

(
σ2

2

n∑
i=1

wi,n(u, v)
2

)
≤ exp

(
σ2|u− v|

2

)
.

As in Remark 1, we conclude that ∥Sn(u)− Sn(v)∥Ψ2 ≤ σ
√
8/3
√

|u− v|.

Proof of Theorem 4.7: Discretized statistics

First, note that

∥Sn − S̃n∥Ψ2(dx) ≤ inf

{
K > 0 :

n∑
t=1

∫ t/n

(t−1)/n

Ψ2

(
∥Sn(u)− S̃n(u)∥

K

)
du

}

≤ inf

{
K > 0 :

1

n

n∑
t=1

Ψ2

(
∥Xt∥
K ·

√
n

)}

=
1√
n
inf

{
K > 0 :

1

n

n∑
t=1

Ψ2

(
∥Xt∥
K

)}
.

The latter infimum is an empirical Orlicz norm of iid random variables, which converges
almost surely to ∥X∥Ψ2(dP ), see Mies (2026). Thus,

lim sup
n→∞

√
n∥Sn − S̃n∥Ψ2(dx) ≤ ∥X∥Ψ2 almost surely,
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and hence

lim sup
n→∞

√
n sup

h∈(0,1)

∣∣∣ωΨ2(h, Sn)− ωΨ2(h, S̃n)
∣∣∣ ≤ 2∥X∥Ψ2 almost surely. (13)

As ρ(1/n) ≫ 1/
√
n, we conclude that Dρ,n(S̃n) = Dρ,n(Sn) + o(1). Moreover, for any

δ > 0,

|Dρ,n(Sn)−Dρ(Sn)|

≤ sup
h∈[δ,1)

∣∣∣∣∣ωΨ2(
⌈nh⌉
n

, Sn)

ρ( ⌈nh⌉
n

)
− ωΨ2(h, Sn)

ρ(h)

∣∣∣∣∣+ sup
h≤δ

ωΨ2(h, Sn)

ρ(h)

≤ sup
h∈[δ,1)

∣∣∣∣∣ωΨ2(
⌈nh⌉
n

, Sn)− ωΨ2(h, Sn)

ρ(δ)

∣∣∣∣∣
+ sup

h∈[δ,1)

ωΨ2(h, Sn)

ρ(h)

∣∣∣∣∣ρ(h)− ρ( ⌈nh⌉
n

)

ρ(δ)

∣∣∣∣∣+ sup
h≤δ

ωΨ2(h, Sn)

ρ(h)

= OP

(√
1/n

ρ(δ)

)
+ oP

(
1

ρ(δ)

)
+OP

( √
δ

ρ(δ)

)
−→ 0.

In the last step, we used (13) for the first term, the regularity of Sn for the third term,
and the continuity of ρ for the second term. Now, letting δ = δn → 0 sufficiently slowly,
the whole expression tends to zero. This shows that Dρ,n(Sn) and Dρ,n(S̃n) have the
same limit as Dρ(Sn), which converges to Dρ(W ) by Theorem 4.1. The same argument
applies to the dyadic statistic, where Dρ,dyadic(Sn) converges as a continuous functional
of Sn.

Now consider the critical case ρ(h) =
√
h. For any δ > 0, define

D(0,δ)
ρ,n (S̃n) = max

m=1,...,n, m
n
<δ

ωΨ2(
m
n
, S̃n)/ρ(

m
n
),

D[δ,1)
ρ,n (S̃n) = max

m=1,...,n, m
n
≥δ

ωΨ2(
m
n
, S̃n)/ρ(

m
n
)

and analogously D
(0,δ)
ρ and D

[δ,1)
ρ . Then D

[δ,1)
ρ,n (S̃n) ⇒ D

[δ,1)
ρ (W ), which in turn converges

to Dρ(W ) as δ → 0. At the same time, for any κ > 2∥X∥Ψ2 ,

lim sup
n→∞

P
(
D(0,δ)

ρ,n (S̃n) > τ
)
≤ lim sup

n→∞
P
(
D(0,δ)

ρ,n (Sn) > τ − κ
)

+ lim sup
n→∞

P

(
sup

h∈(0,1)

∣∣∣ωΨ2(h, Sn)− ωΨ2(h, S̃n)
∣∣∣ /ρ(1/n) > κ

)
.

The second term tends to zero by (13), and the first term tends to zero for any τ >
K∥X∥Ψ2 + κ as δ → 0, as shown in the proof of Theorem 4.3. We may thus conclude
the proof as in Theorem 4.3. The dyadic statistic may be handled analogously.
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Proof of Proposition 5.2

For any K > 0, and h ≤ min |Ik|/2,∫ 1−h

0

Ψ

(
|F (v + h)− F (v)|

Kρ(h)

)
dv ≥

(
m∑
k=1

|Ik|/2

)
Ψ

(
δh

Kρ(h)

)
≥ mhΨ

(
δh

Kρ(h)

)
,

which equals 1 for K = δh/ρ(h)/Ψ−1( 1
mh

). Hence,

|F |Bρ
Ψ,∞

≥ ωΨ(h, F )

ρ(h)
≥ δh

ρ(h)Ψ−1( 1
mh

)
.

The special cases are a consequence of the identity Ψ−1
p (y) = log(1 + y)1/p, such that

|F |Bρν
Ψp,∞

≥ δ
√
h log(e/h)−

1
ν log(1 + 1

mh
)−

1
p ≥ δ

√
h| log e

h
|−

1
ν | log e

mh
|−

1
p .

The norms in Bρν
∞,∞ and B

1/2
Ψ2,∞ are limiting cases as p → ∞ and ν → ∞, respectively.
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mathématiques Blaise Pascal, 18(2):301–321.

Ait Ouahra, M., Kissami, A., and Sghir, A. (2012). Un principe d’invariance de type
Donsker dans une classe d’espaces de Besov-Orlicz. Annales mathématiques Blaise
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