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Abstract

The empirical Orlicz norm based on a random sample is defined as a natural
estimator of the Orlicz norm of a univariate probability distribution. A law of
large numbers is derived under minimal assumptions. The latter extends readily
to a linear and a nonparametric regression model. Secondly, sufficient conditions
for a central limit theorem with a standard rate of convergence are supplied. The
conditions for the CLT exclude certain canonical examples, such as the empirical
sub-Gaussian norm of normally distributed random variables. For the latter, we
discover a nonstandard rate of n1/4 log(n)3/8, with a heavy-tailed, stable limit
distribution. It is shown that in general, the empirical Orlicz norm does not admit
any uniform rate of convergence for the class of distributions with bounded Orlicz
norm.

Keywords: asymptotic distribution, sub-Gaussian random variables, stable dis-
tribution

1 Motivation

The Orlicz norm of a random variable X taking values in a Banach space is defined as

∥X∥ψ = inf
{
σ > 0

∣∣∣Eψ ( |X|
σ

)
≤ 1
}
,

where ψ : [0,∞) → [0,∞) is an Orlicz function, i.e. ψ is increasing and convex such
that ψ(0) = 0 and ψ(x) → ∞ as x→ ∞. These norms provide a convenient framework
to formulate tail bounds, as Markov’s inequality implies P (|X| > t) ≤ 1/ψ(t/∥X∥ψ).
For this reason, Orlicz norms are widely employed in probability and data science,
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e.g. in high-dimensional probability theory (Vershynin (2018)), empirical process the-
ory and chaining arguments (van der Vaart (2023); van de Geer and Lederer (2013)),
online learning (Baby and Wang (2019)), shape-constrained inference (Bellec (2018)),
and multi-armed bandit problems (Bubeck (2012); Hao et al. (2019)). For the specific
choice ψ(x) = |x|p, we recover the usual Lp norm. Another prominent special case are
the exponential Orlicz norms with ψα(x) = exp(|x|α)−1 for α ≥ 1, corresponding to the
class of sub-Weibull distributions (Vladimirova et al., 2020; Zajkowski, 2020; Kuchib-
hotla and Chakrabortty, 2022). In particular, the Orlicz function ψ1(x) = exp(|x|) − 1
quantifies sub-exponential tails, and ψ2(x) = exp(x2) − 1 corresponds to sub-Gaussian
distributions. Sub-Gaussianity has found direct use in statistics, e.g. as a quality crite-
rion for robust mean estimators (Devroye et al. (2016); Lugosi and Mendelson (2019);
Hopkins (2020), as a tightness condition to ensure weak convergence of certain multi-
scale test statistics (Köhne and Mies, 2025), and for threshold selection of sequential
monitoring procedures (Yu et al., 2023).

Although Orlicz-type tail bounds, and in particular sub-Gaussian bounds, are com-
mon assumptions for the asymptotic analysis of statistical methods, its empirical vali-
dation has surprisingly not been studied in the literature. Here, we consider estimation
of the Orlicz norm ∥X∥ψ based on a sample of n iid random variables X1, . . . , Xn ∼ X
via the natural estimator

σ̂ψ(X1, . . . , Xn) = inf

{
σ > 0

∣∣∣ 1
n

n∑
i=1

ψ
(

|Xi|
σ

)
≤ 1

}
.

We refer to this estimator as the empirical Orlicz norm. Note that due to monotonic-
ity, the empirical Orlicz norm can be computed efficiently via bisection. We find that
this estimator is generally consistent, while a rate of convergence is only available un-
der additional assumptions. Even for standard Gaussian observations, the empirical
sub-Gaussian norm is not asymptotically normal and exhibits a non-standard rate of
convergence. While this demonstrates that estimation of Orlicz norms is in principle
feasible, it also unveils interesting probabilistic phenomena. The intention of this note
is not to provide a complete statistical methodology, but to illustrate these somewhat
unexpected behaviors of a natural estimator.

2 Law of large numbers

Our first result is a law of large numbers for the empirical Orlicz, which only requires
that ∥X∥ψ <∞.

Theorem 2.1 (Law of large numbers). For X1, . . . , Xn
iid∼ X such that ∥X∥ψ <∞,

σ̂ψ(X1, . . . , Xn)
n→∞−→ σψ = ∥X∥ψ almost surely.

There are various statistical problems beyond the iid setting where control of Orlicz
norms is necessary. For instance, the consistent variable selection of the LASSO method

2



for linear regression requires the regularization parameter to be large enough compared
to the sub-Gaussian norm of the errors (Wainwright, 2009). The empirical Orlicz norm
may be adapted to yield a consistent estimator in this model. To this end, suppose that
we observe

Yi = βTZi + ϵi, i = 1, . . . , n,

for a coefficient vector β ∈ Rd, covariates Zi ∈ Rd, and iid centered error terms ϵi ∈ R.
The Orlicz norm σψ = ∥ϵ∥ψ of the noise can be estimated consistently by the residuals
of a linear regression fit, i.e. as

σ̂ψ,LM = σ̂ψ

(
Y1 − β̂TZ1, . . . , Yn − β̂Zn

)
,

where β̂ is an estimator of the regression coefficients.

Theorem 2.2. Suppose that Zi are iid, and that β̂ → β almost surely as n → ∞. If
σψ = ∥ϵ∥ψ <∞ and ∥Zi,j∥ψ <∞ for each coordinate j = 1, . . . , d, then

σ̂ψ,lm → σψ almost surely as n→ ∞.

The empirical Orlicz norm can also be applied to the nonparametric regression model

Yi = µi + ϵi,

for iid centered error terms ϵi, and a nonparametric signal µ. As usual in nonparametric
regression, some regularity assumptions for the signal i 7→ µi are necessary. We formulate
these assumptions in terms of the exceedence numbers

En(µ, r) =
n∑
i=2

1(|µi − µi−1| > r), r > 0.

In the more common regression setup µi = fi = f(i/n) for some function f : [0, 1] → R,
continuity of f implies that En(f, r) → 0 as n → ∞, for any r > 0. Moreover, if f is
right-continuous with left-hand limits, then

lim sup
n→∞

En(µ, r) ≤ E∗(r)
r→∞−→ 0. (1)

See (Billingsley, 1999, Lemma 1) for the corresponding property of cadlag functions.
This regularity assumption is much milder than requiring the function f to be Hölder
continuous, as common in nonparametric statistics, see e.g. Tsybakov (2008).

To estimate the Orlicz norm of the noise, we suggest the difference based estimator

σ̂ψ,np = inf

{
σ > 0

∣∣∣ 1

n− 1

n∑
i=2

ψ

(
|Yi − Yi−1|

σ

)
≤ 1

}
.
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Theorem 2.3. If ∥ϵ∥ψ <∞ and (1) holds, then

σ̂ψ,np → ∥ϵ2 − ϵ1∥ψ almost surely as n→ ∞.

The difference-based estimator 1
n−1

∑n
i=1(Yi−Yi−1)

2, corresponding to the special case
ψ(x) = x2), is commonly employed to estimate the second moment Var(ϵ). In the latter
case, the variance of the individual ϵi may be recovered because Var(ϵ2 − ϵ1) = 2Var(ϵ).
However, there is no similar relation for general Orlicz norms, and thus the difference-
based estimator can not simply be transformed to a consistent estimator of ∥ϵ∥ψ. Yet,
the convexity of ψ allows us to conclude Eψ((ϵ2 − ϵ1)/σ) ≤ Eψ(ϵ/σ) for any σ > 0 by
virtue of Jensen’s inequality and Eϵ = 0, which implies ∥ϵ∥ψ ≤ ∥ϵ2 − ϵ1∥ψ. Thus, the
estimate σ̂ψ,np can be used as a conservative upper bound for the Orlicz norm of the
error terms, which is sufficient for many statistical applications.

3 Central limit theorem

Under stronger moment assumptions on X, i.e. requiring more than just ∥X∥ψ < ∞,
the empirical Orlicz norm also satisfies a central limit theorem.

Theorem 3.1 (Central limit theorem). Suppose that the Orlicz function ψ is continu-
ously differentiable, such that (i) Eψ(|X|/σψ)2 < ∞ and (ii) E|X|ψ′(|X|/σ) < ∞ for
some σ < σψ. Then, as n→ ∞

√
n (σ̂ψ(X1, . . . , Xn)− σψ)

d−→ N

0,
Eψ
(

|X|
σψ

)2
− 1[

E |X|
σ2
ψ
ψ′
(

|X|
σψ

)]2
 .

A sufficient condition for (i) and (ii) is that Eψ
(

|X|
σ

+ 1
)2
<∞ for some σ < σψ.

For the exponential Orlicz norms ∥ · ∥ψα , the condition of Theorem 3.1 is satisfied if
Eψα(|X|/σ) <∞ for some σ < 2−1/ασψα . For example, any bounded random variable X
satisfies this condition for all α. However, the conditions for the central limit theorem are
more restrictive than those for the law of large numbers. Indeed, various non-standard
rates of convergence can occur, even for elementary probability distributions. This is
demonstrated via the following examples.

Example (Exponential distribution) For the standard exponential distribution
X ∼ Exp(1), the sub-exponential norm is σψ1 = ∥X∥ψ1 = 2, but Eψ1(X/σψ1)

2 = ∞.
Thus, the law of large numbers holds, but the rate of convergence is slower than

√
n. In-

deed, P (ψ1(X/2) > z) = (z+1)−2, and the generalized central limit theorem of Gnedenko

and Kolmogorov, see e.g. (Nolan, 2020, Thm. 3.12), yields 1√
n logn

∑n
i=1 [ψ(Xi/2)− 1]

d−→
N (0, 1

2
). Via formula (3) in the appendix, and using E[ |X|

σ2
ψ1

exp( |X|
σψ1

)] = 1, we obtain the

following result.
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Proposition 3.2. Let X1, . . . , Xn be iid standard exponentially distributed. Then√
n

logn
(σ̂ψ1(X1, . . . , Xn)− σψ1)

d−→ N
(
0, 1

2

)
.

Example (Weibull distribution) For the standardWeibull distributionX ∼ Wei(1, γ)
with shape parameter γ > 0, i.e. P (X > x) = exp(−xγ), the conditions of Theorem 3.1
are satisfied for ψα for all α < γ. For the boundary case α = γ, a direct computation
yields σψγ = ∥X∥ψγ = 21/γ. Moreover, for any z > 0,

P
(
ψγ(X/σψγ ) > z

)
= P

(
X > σψγ log(z + 1)1/γ

)
= (z + 1)−2,

and

E
[

|X|
σ2
ψγ

ψ′
γ

(
|X|
σψ

)]
=

γ

21/γ
E
[(

X
σψγ

)γ
exp

((
X
σψγ

)γ)]
=
γ2

2

1

21/γ

∫ ∞

0

z2γ−1e−z
γ/2 dz =

γ

2

1

21/γ

∫ ∞

0

xe−x/2 dx =
2γ

21/γ
.

Thus, we obtain analogously to the exponential case the asymptotic normality of the
empirical Orlicz norm.

Proposition 3.3. Let X1, . . . , Xn ∼ Wei(1, γ) be iid standard Weibull distributed. Then√
n

logn

(
σ̂ψγ (X1, . . . , Xn)− σψγ

) d−→ N
(
0, 4

1/γ

8γ2

)
.

Example (Normal distribution) If X ∼ N (0, 1), then the exponential-type Orlicz
function ψα satisfies Theorem 3.1 for all α ∈ [1, 2) because E exp(a|X|α) < ∞ for
all a > 0. However, for the sub-Gaussian case, α = 2, a direct computation yields
σψ2 = ∥X∥ψ2 =

√
8/3, but Theorem 3.1 does not apply because E exp (X2/(8/3))

2
= ∞.

Instead, we derive the tail bound

P
(
ψ2

(
|X|
σψ2

)
− 1 > z

)
= 2P

(
X >

√
8
3
log(z + 2)

)
= exp

(
−

8
3
log(z + 2)

2

)
L(z) = z−

4
3 L̃(z),

for slowly varying functions L, L̃, i.e. L̃(az)/L̃(z) → 1 as z → ∞ for any a > 0, see
Lemma 3.6. Thus, the sum

∑n
i=1 ψ2(Xi/σψ2) admits a β-stable limit distribution with

index β = 4
3
, which leads to a heavy-tailed limit of the empirical sub-Gaussian norm.

Proposition 3.4. Let X1, . . . , Xn be iid standard Gaussian. Then

n
1
4 log(n)

3
8 [σ̂ψ2(X1, . . . , Xn)− σψ2 ]

d−→
√

2
27π3/4 (Y − 4),

for a fully right-skewed β-stable random variable Y with stability index β = 4
3
, and

characteristic function given by (5) in the appendix.

5



Beyond these examples, without any further regularity assumptions, it is not possible
to derive a rate of convergence for the empirical Orlicz norm.

Theorem 3.5 (No rate of convergence). Consider the exponential-type Orlicz function
ψ(x) = ψα(x) = exp(|x|α)− 1 for some α ∈ [1, 2]. For any β > 0, there exists a random

variable X with ∥X∥ψ = 1 such that for any sequence X1, . . . , Xn
iid∼ X,

lim sup
n→∞

|σ̂ψ(X1, . . . , Xn)− σψ|
n−β = ∞ almost surely.

This highlights that the empirical Orlicz norm does not admit any parametric rate
of convergence uniformly on the class {X : ∥X∥ψ ≤ 1} of all distributions with bounded
Orlicz norm. Note that Theorem 3.5 does not rule out a potential uniform logarithmic
rate of convergence. However, we conjecture that there does not exist any uniform rate
of convergence for the empirical Orlicz norm.

Proofs

Proof: Law of large numbers (Theorem 2.1)

Suppose that P (X ̸= 0) > 0 without loss of generality. Then G : [0,∞) → [0,∞], σ 7→
Eψ(|X|/σ) is strictly decreasing, and G(σ) → ∞ as σ → ∞. Thus for any δ > 0, we
find G(σψ + δ) < 1 and G(σψ − δ) > 1. Denoting Gn(σ) =

1
n

∑n
i=1 ψ(|Xi|/σ), the law of

large numbers yields that almost surely

Gn(σψ − δ) → G(σψ − δ) > 1, Gn(σψ + δ) → G(σψ + δ) < 1.

and thus, almost surely,

σψ − δ ≤ lim inf
n→∞

σ̂ψ ≤ lim sup
n→∞

σ̂ψ ≤ σψ + δ.

As δ > 0 is arbitrary, this establishes the convergence of σ̂ψ.

Proof: Regression models (Theorem 2.2 and Theorem 2.3)

Proof of Theorem 2.2. The triangle inequality for Orlicz norms gives for any β ∈ Rd

σ̂ψ(Yi − β̄TZi) = σ̂ψ
(
ϵi + (β − β̄)TZi

)
= σ̂ψ(ϵi) + ∆,

for some |∆| ≤
d∑
j=1

σ̂ψ
(
(β − β̄)jZi,j

)
≤

d∑
j=1

|βj − β̄j|σ̂ψ(Z1,j, . . . , Zn,j).
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The law of large numbers for empirical Orlicz norms yields σ̂ψ(Z1,j, . . . , Zn,j) → ∥Z1,j∥ψ
almost surely for each j, and σ̂ψ(ϵ1, . . . , ϵn) → ∥ϵ∥ψ = σψ. Thus, if β̂ → β, then σ̂ψ,lm is
consistent.

Proof of Theorem 2.3. By the triangle inequality for Orlicz norms, we find

σ̂ψ,np = σ̂ψ(ϵ2 − ϵ1, . . . , ϵn − ϵn−1) + ∆n,

|∆n| ≤ σ̂ψ(µ2 − µ1, . . . , µn − µn−1).

By the law of large numbers, σ̂ψ(ϵ2 − ϵ1, . . . , ϵn − ϵn−1) → ∥ϵ2 − ϵ1∥ψ almost surely.
To bound ∆n, let R > 0 such that E∗(R) = 0, and choose an arbitrary r > 0.

Moreover, choose N large enough such that En(µ,R) = 0 and En(µ, r) ≤ 2E∗(r) for all
n ≥ N . Then, for n ≥ N , and q = ψ−1(1

2
),

1

n− 1

n∑
i=2

ψ

(
|µi − µi−1|

r/q

)
≤ 2E∗(r)

n− 1
ψ

(
Rq

r

)
+ ψ

(
r

r/q

)
n→∞−→ ψ(q) =

1

2
.

Hence, lim sup σ̂ψ(µ2 − µ1, . . . , µn − µn−1) ≤ r/q. Since r > 0 is arbitrary, we conclude
that ∆n → 0 as n→ ∞.

Proof: Central limit theorem (Theorem 3.1)

Convexity and monotonicity of ψ imply that there exists a x0 such that ψ(x) ≥ cx for
all x > x0. Thus, for |x| > x0, and for some C,

0 ≤ − d

dσ
ψ

(
|x|
σ

)
=

|x|
σ2
ψ′
(
|x|
σ

)
≤ C

σ
ψ

(
|x|
σ

)
ψ′
(
|x|
σ

)
≤ C

σ
ψ

(
|x|
σ

)∫ |x|/σ+1

|x|/σ
ψ′ (z) dz ≤ C

σ
ψ

(
|x|
σ

+ 1

)2

.

Moreover, ψ(|x|/σψ)2 ≤ ψ(|x|/σ+1)2, which establishes the sufficient condition claimed
in the Theorem. We also note that

G′(σ) ≤ 0, and G′ is increasing. (2)

To proof the central limit theorem, let Gn and G as above. We use the condition
E|X|ψ′(|X|/σ∗) < ∞ for some σ∗ < σψ to conclude G′

n(σ) → G′(σ) almost surely, for
all σ ≥ σ∗. Since convexity of ψ implies that G′

n is monotonically increasing, the latter
convergence is uniform on [σ∗,∞). Moreover, a Taylor expansion yields

1 = Gn(σ̂ψ) = Gn(σψ) +Gn(σ̂ψ)−Gn(σψ) = Gn(σψ) + [σ̂ψ − σψ]G
′
n(σ̃ψ),

for some σ̃ψ between σψ and σ̂ψ. The strong consistency of σ̂ψ implies σ̃ψ → σψ almost
surely. Moreover, G′(σψ) < 0, because otherwise (2) yields G′(z) = 0 for all z ≥ σψ
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which would lead to the contradiction 1 = G(σψ) = limz→∞G(z) = 0. Combining the
fact that G′(σψ) ̸= 0 with the locally uniform consistency of G′

n,

σ̂ψ − σψ = − Gn(σψ)− 1

G′(σ̃ψ) + oP (1)
= −Gn(σψ)− EGn(σψ)

G′(σ̃ψ) + oP (1)
. (3)

Note that continuity of ψ and G(σ∗) < ∞ imply the continuity of G, and thus 1 =
G(σψ) = E(Gn(σψ)). Due to the condition Eψ(|X|/σψ)2 <∞, the central limit theorem
implies

√
n[Gn(σψ)− EGn(σψ)]

d−→ N
(
0,Varψ

(
|X|
σψ

))
.

Via Slutsky’s Lemma, we obtain the weak convergence of σ̂ψ sinceG′(σψ) = −E
[
|X|
σ2
ψ
ψ′
(

|X|
σψ

)]
.

Proof: Gaussian example (Proposition 3.4)

As ψ′
2(|x|) = 2|x| exp(|x|2), we readily check that

−G′(σψ2) = E
[
|X|
σ2
ψ2

ψ′
2

(
|X|
σψ2

)]
= E

[
2|X|2

σ3
ψ2

exp
(

|X|2
σ2
ψ2

)]

=

√
3

8

6

8

∫ ∞

−∞
x2e

3
8
x2 e

−x2

2

√
2π

dx

=

√
3

8

3

2

∫ ∞

−∞
x2

e−
x2

8

2
√
2π

dx =
√

27
2
. (4)

Similarly, for any σ >
√
2 we find E|X|ψ′

2(|X|/σ) < ∞. As this expectation is finite,
the representation (3) holds and we are led to study the asymptotics of

Gn(σψ2)− 1 =
1

n

n∑
i=1

[
exp

(
X2
i

8/3

)
− 2
]
.

Denote Zi = exp
(
X2
i

8/3

)
− 2. Since P (Zi > z) is regularly varying as z → ∞, and zero as

z → −∞, the generalized central limit theorem (Durrett, 2010, Thm. 3.7.2) yields(
n∑
i=1

Zi − bn

)/
an

d−→ Y,

for a non-degenerate distribution Y , and

an =
{
inf x : P

(∣∣∣ψ2

(
|X|
σψ2

)
− 1
∣∣∣ > x

)
≤ n−1

}
= ψ2

(
1
σψ2

Φ−1
(
1− 1

2n

))
− 1,

bn = nE [Z · 1(|Z| ≤ an)] = −nE [Z · 1(|Z| > an)] .
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The second equality for bn uses E(Z) = 0. The asymptotic expansion of Φ−1 presented
in Lemma 3.6 below yields

an = exp
[
3
8

(
log(4n2)− log log(2n) + log 1

4π
+ o(1)

)]
− 2

= π−3/8n
3
4 log(2n)−3/8(1 + o(1))

= (π log n)−
3
8 n

3
4 (1 + o(1)).

We also note that P (Z > an) = n−1 for any n such that an > 1, because Z has a
continuous distribution and Z > −1.

To determine bn, we define cn = σψ2(ψ2 − 1)−1(an) = Φ−1(1− 1
2n
), and compute

E [Z · 1(|Z| > an)] = E [(Z − an)1(Z > an)] + anP (Z > an)

=

∫ ∞

an

P (Z > t) dt +
an
n

= an

∫ ∞

1

P (Z > ant) dt +
an
n

= an

∫ ∞

1

(ant)
− 4

3
L̃(ant)

L̃(an)
L̃(an) dt +

an
n

= a
− 1

3
n L̃(an)

∫ ∞

1

t−
4
3
L̃(ant)

L̃(an)
dt +

an
n

= a
− 1

3
n L̃(an)

[∫ ∞

1

t−
4
3dt+ o(1)

]
+
an
n

= a
− 1

3
n L̃(an) [3 + o(1)] +

an
n
,

where the last step holds by dominated convergence and Karamata’s representation theo-
rem (de Haan and Ferreira, 2006, B.1.6), which states that L̃(z) = c(z) exp(

∫ z
1
a(s)/s ds)

for functions c(z) → c0 and a(z) → 0 as z → ∞. Moreover,

a
− 1

3
n L̃(an) = anP

(
ψ2

(
|X|
σψ2

)
− 1 > an

)
=
an
n
,

and thus bn = −4an(1 + o(1)). Hence, we find that

π3/8n1/4 log(n)3/8

[
1

n

n∑
i=1

Zi

]
+ 4 =

∑n
i=1 Zi + 4an
an(1 + o(1))

d−→ Y.

As the tail of Zi is regularly varying with exponent −4
3
, the limit Y is β-stable for β = 4

3

and fully right-skewed, see the proof of (Durrett, 2010, Thm. 3.7.2). In particular, its
characteristic function is

EeiλY = exp

(
4
3

∫ ∞

0

(
eiλx − 1− iλx · 1x<1

)
x

4
3
−1 dx

)
. (5)

In view of the asymptotic expansion (3) and the explicit value (4) for the denominator,
we have established the convergence n1/4 log(n)3/8[σ̂ψ2−σψ2 ] → (Y −4)/π3/8/

√
27/2.

The following asymptotic appears to be mathematical folklore, but we were unable
to find a proper reference. Hence, we include its derivation for completeness.
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Lemma 3.6 (Gaussian quantiles). The standard Gaussian quantile function Φ−1 admits
the asymptotic expansion

Φ−1(1− q) =
√

log 1
q2

− log log 1
q
+ log 1

4π
+ o(1), as q ↓ 0.

Proof of Lemma 3.6. Define R(z) = 2
√
π[1 − Φ(

√
2z)]. Two-sided tail bounds for the

Gaussian distribution, see (Feller, 1968, Lem. VII.2), yield(
1
x
− 1

x3

)
≤ 1− Φ(x) ≤ 1

x
φ(x), x ≥ 0,

for the standard Gaussian density φ, and thus(
1− 1

2z

) 1√
z
e−z ≤ R(z) ≤ 1√

z
e−z, z > 0.

For any small ϵ > 0, and q ∈ (0, 1/
√
2), define z±(q) = log 1

q
− 1

2
log log 1

q
± ϵ. Then

R (z−(q)) ≤
q
√

log(1/q)√
log(1/q)− 1

2
log log(1/q)− ϵ

e−ϵ = q(1 + o(1))e−ϵ,

which is strictly smaller than q for q < q−(ϵ), and some q−(ϵ) > 0. Thus, R−1(q) > z−(q).
Similarly,

R (z+(q)) ≥
(
1− 1

2z+(q)

) q
√
log(1/q)√

log(1/q)− 1
2
log log(1/q)− ϵ

e+ϵ = q(1 + o(1))eϵ,

which is strictly larger than q for q < q+(ϵ), and some q+(ϵ) > 0. Thus, R−1(q) < z+(q).
Since ϵ > 0 is arbitrary, we conclude that

lim
q→0

{
R−1(q)−

[
log

1

q
− 1

2
log log

1

q

]}
= 0.

To conclude the proof, observe that

Φ−1(1− q) =
√

2 ·R−1
(
2
√
πq
)
=

√
log 1

q2
− log

(
log 1

q
+ log 1

2
√
π

)
+ log 1

4π
+ o(1)

=
√

log 1
q2

− log log 1
q
+ log 1

4π
+ o(1).

Proof: No rate of convergence (Theorem 3.5)

Let γ ∈ (1, 2), and X be a random variable such that

P (ψ(X) > t) = P (X > ψ−1(t)) = min

[
1,

(
tγ

γ − 1

)−γ
]

10



⇐⇒ P (X > z) = min

[
1,

(
ψ(z)γ

γ − 1

)−γ
]
.

Since ψ is increasing and tends to infinity, this is a valid survival function, and X is
supported on [ψ−1(γ−1

γ
),∞). We verify that ∥X∥ψ = 1 as

E(ψ(|X|)) =
∫ ∞

0

P (ψ(X) > t) dt

=

∫ ∞

0

min

[
1,

(
tγ

γ − 1

)−γ
]
dz = 1.

An analogous calculation shows that E(ψ(|X|)γ∗) < ∞ for any γ∗ ∈ (1, γ). For the
exponential-type Orlicz functions ψ = ψα, we readily check that xψ′

α(x) ≤ Cψα(x/r) ≤
ψα(x)

γ∗ for r < 1 sufficiently close to 1. Hence, G′
n(r) → G′(r) < ∞ almost surely, and

by monotonicity of ψ this convergence is locally uniform. We may hence conclude as in
the proof of Theorem 3.1 that

σ̂ψα − σψα =
Gn(1)− E(Gn(1))

G′(1) + oP (1)
.

However, in contrast to Theorem 3.1, the addends ψα(Xi) comprising Gn(1) have regu-
larly varying upper tails with exponent γ, and finite lower tails. Thus, the generalized

central limit theorem (Feller, 1971, IX.8) yields convergence of n1− 1
γ [Gn(1) − EGn(1)]

towards a fully right-skewed γ-stable random variable. In particular, the estimation

error σ̂ψα − σψα is of exact order n
1
γ
−1. Since γ ∈ (1, 2) is arbitrary, any rate nβ with

β ∈ (0, 1
2
) can be obtained.
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