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Abstract

The fractional Brownian motion (fBm) is parameterized by the Hurst exponent
H € (0,1), which determines the dependence structure and regularity of sample
paths. Empirical findings suggest that for various phenomena, the Hurst exponent
may be non-constant in time, giving rise to the so-called multifractional Brownian
motion (mBm). The It6-mBm is an alternative to the classical mBm, and has
been shown to admit more intuitive sample path properties. In this paper, we
show that Ito-mBm also allows for a simplified statistical treatment compared to
the classical mBm. In particular, estimation of the local Hurst parameter H (t)
with Holder exponent n > 0 achieves rates of convergence which are standard in
nonparametric regression, whereas similar results for the classical mBm only hold
for n > 1. Furthermore, we derive an estimator of the integrated Hurst exponent
fg H (s) ds which achieves a parametric rate of convergence, and use it to construct
goodness-of-fit tests.

1 Introduction

Fractional Brownian motion (fBm) is a centered Gaussian process Bff with covariance
function Cov(X,, X;) = 1([t|*" + |s|*" — |t — s|*), for a scale parameter o > 0 and a
so-called Hurst-exponent H € (0,1). It admits the Mandelbrot-van Ness representation

Bl = [ alit-9 - (-9l Hab.
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where By is a standard Brownian motion, and (z); = x - 1,~9. The fBm and related
processes have been widely applied in diverse fields. The Hurst exponent H is of major
interest, as it governs the long-range dependence of the process, the regularity of sample
paths, and the self-similarity.

In some applications, empirical evidence suggests that a single Hurst exponent H
is not sufficient and a temporally-varying Hurst exponent H; is more appropriate. A
nonstationary generalizations of the fBm, the multifractional Brownian motion (mBm),
has been introduced by Peltier and Lévy Véhel (1995) as

X, = / ol(t— )"~ (—s)" %) aB,. 1)
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See also Stoev and Taqqu (2006) for related definitions of mBm. Recently, Ayache et al.
(2018) suggested an alternative nonstationary generalization of the fBm, given by

¢
X, = / o[t — )77 — (=)™ 7] 4B, 2)
Following Loboda et al. (2021), we refer to (1) as the classical mBm, and to (2) as
[to-mBm. Both processes behave locally like a fBm, i.e. h=H¢(X,,; — X;) = B}Il{t as
h — 0. Thus, they are both valid candidate models for nonstationary extensions of
the fBm. Probabilistic and statistical analysis of the classical mBm is facilitated by the
fact that its covariance function admits an explicit expression (Stoev and Taqqu, 2006,
Thm. 4.1). On the other hand, the It6-mBm is well-defined as It6 integral if the Hurst
exponent H; is an (adapted) stochastic process. Moreover, the latter process has been
shown in Loboda et al. (2021) to have attractive analytical features, see also Ayache
and Bouly (2021). In particular, the regularity of its sample paths depends only on the
values of H;, whereas for the classical mBm, the regularity of ¢t — H, is crucial as well.
The goal of this paper is to demonstrate that the Ito-mBm is not only preferable from
an analytical point of view, but also allows for improved statistical inference compared
to the classical mBm.

Estimators for fBm from low-frequency observations Xj,..., X, are reviewed and
compared by Bardet (2018). Optimality of the MLE has been established by Cohen et al.
(2013), and by Brouste and Fukasawa (2018) for the high-frequency regime Xy ,,, ..., Xj.
Local nonparametric estimators for the classical mBm (1) have be introduced by Coeur-
jolly (2005), Bertrand et al. (2013) and Bardet and Surgailis (2013). More recently, Shen
and Hsing (2020) developed rate-optimal local nonparametric estimators of H; exploiting
higher-order smoothness. Lebovits and Podolskij (2017) estimate the global regularity
min, H;, and Bertrand et al. (2018) describe a goodness-of-fit test for the Hurst function.
Further works on estimation of the mBm include, among others, Pianese et al. (2018);
Garcin (2017); Bianchi et al. (2013). Estimation for some alternative non-stationary ex-
tensions of fBm allowing for irregular H; is studied by Benassi et al. (2000) and Ayache
and Lévy Véhel (2004); Ayache et al. (2007).

The limitation of all works on the classical mBm (1) is that they require t — H,
to be Holder continuous with exponent n > sup, H;. This restriction is necessary to



ensure a good local approximation of the process by a stationary fBm, see e.g. (Bardet
and Surgailis, 2013, eqn. 7.14). It also emerges in the path properties of mBm, whose
local Hoélder coefficient at time ¢ is min(n, H;) (Herbin, 2006, Prop. 13). In contrast,
prior work on the path properties of the It6-mBm (2) has revealed that the lower bound
on 7 is not necessary for this alternative multifractional extension of fBm, as the local
Holder exponent is Hy, regardless of the value of 7 > 0. The purpose of this article is to
demonstrate that the Ito-mBm is not only attractive from an analytical perspective, but
also statistically favorable. In particular, we show that a local estimator of H; achieves
standard nonparametric rates of convergence depending on 7, regardless of max; H;.
In view of its elegant analytical and statistical properties, we propose the It6-mBm as
canonical nonstationary variant of the fBm.

To date, the only statistical treatment of the [t6-mBm is due to Ayache and Bouly
(2023), showing uniform consistency of a localized Hurst estimator. Their estimator is
analogous to the estimator we propose below, but the rate derived therein is slower,
indicating that their asymptotic analysis is suboptimal. Here, we study two estimators
H,(u) and Hf(u) based on local polynomial regression, which achieve the rate n="/(21+1)
for n <1 (exactly for [TUL, and up to logarithmic factors for FAIn) This rate is standard in
nonparametric estimation, and our results show that estimation of the It6-mBm works
just as expected — in stark contrast to estimation of the classical mBm, where estimators
in the regime n < 1 admit non-standard rates of convergence (Bardet and Surgailis,
2013).

Beyond the local estimation of H;, we derive an estimator ﬁ(u) of the integrated
parameter H(u) = fou H,dv, and the error H-—H converges to a Gaussian process
at rate y/n. We use this estimator to construct a changepoint test for constant Hurst
exponent, and goodness-of-fit test for the function ¢ — H;. An important feature of
both tests is that they are robust to a non-constant volatility o;, which constitutes a
nuisance under the null hypothesis. Our mathematical results are based on a functional
central limit theorem for locally stationary time series established in Mies (2024), and
the proof technique linking methods for stochastic processes in discrete and continuous
time might be of independent interest.

We advocate for the use of It6-mBm over the classical mBm on the basis of its
attractive analytical and statistical properties. However, this is a purely mathematical
argument and not based on empirical evidence in applications. Obviously, the looming
open questions are: (i) Can we distinguish the two models based on data? (ii) Do the
two models lead to different conclusions for practical questions, e.g. forecasting or asset
pricing? We formulate these open questions as promising directions for future research,
especially in view of the recent success of fractional models for stochastic volatility
(Gatheral et al., 2018; Chong and Todorov, 2025).

The pointwise nonparametric estimator of the Hurst exponent is studied in Section 2.
The integrated parameter estimator is introduced in Section 3, including the changepoint
test and the goodness-of-fit test. All technical proofs are gathered in the Appendix.



2 Local nonparametric estimation

Performing high-frequency inference for the the It6-mBm (2), we want to estimate the
exponent H; nonparametrically, using discrete observations X1,..., X». For simplicity
of exposition, we suppose that X _ k for k =1, 2,3 are also observable and we define the
second order increments as

Xim = Xi —2Xio1 + Xio, i=1,...,n,
Xim = Xi —2Xi2 + Xia, 1=1,...,n.

Our estimation procedure is based on the change-of-frequency principle introduced by
Kent and Wood (1997), which is a special case of the quadratic variation estimator of
Istas and Lang (1997), and has also been used by Coeurjolly (2001): If H, = H and

0, = o are constant, the self-similarity of the fBm yields E(x7,)/E(x?,) = 2°7, such

that the moment estimator given by H = $logy (32, X2,/ s X2,) is consistent at rate
v/n. For estimation of the Ito-mBm, we use the same idea, but localize the moment
estimator around time u € (0,1). To this end, we use a kernel function K : R — [0, 00)
satisfying

K(x)dr =1, K(z) =0 for |z| > 1,
/ (K)
{z : K(x) > 0} has positive Lebesgue measure.

and a bandwidth b = b, > 0, denote Ky(z) = ;K (%¥). For a bandwidth b = b, > 0,
denote Kj(z) = 1 K (%), and for any u € (0, 1), consider the locally weighted polynomial
regression (Fan and Gijbels, 2018; Tsybakov, 2008)

mmZKbn L—u) (i’") —q(%)

where the minimum ¢* is determined among all polynomials ¢ : (0,1) — R? of degree I

We use (Zn(u) = ¢*(u) as moment estimator at location u. It is well known (Tsybakov,
2008, Lem. 1.3 & Prop. 1.12) that the estimator admits the linear representation

2

Y

and the weights satisfy, for some universal C' > 0, and for all u € [b,,1 — b,],

(1 Sup’L |”UJ“~L( ) S%a

)

(i) D20 [win(u)] < C,

(ili) wipn(u) =0 for [£ —u| > b,
(iv) S win(u) =1and Y7 (£ —u)fw;,(u) =0 for k=1,...,1



Remark 1. If K is supported on [—1,0] such that still {x € [-1,0] : K(z) > 0} has
positive Lebesgue measure, then the latter properties (i)—(iv) hold for all u € [b,,1].
Similarly, if K is supported on [0, 1], then (i)—(iv) hold for all v € [0,1 — b,,]. Moreover,
if K(x)> Kol(]Jz| < 7) for some small 7 > 0 and K, > 0, then properties (i)—(iv) hold
for all u € [0, 1].

We estimate H, via the log-ratio estimator

H,(u) = (% log, (2:?25;)) VO AL

Theorem 1. Suppose that v — 6, :_(av, H,) is Hélder continuous with exponent n €
0,1+ 1], and that 0 < H < H, < H < 1 for allv, and 0 < ¢® < 02 < 7% < c0. If
b, < ni7t for some q € (0,1), then for any p > 2,

1
vnb,

The bound holds uniformly for 6 € [0, 5% x [H, H]|, and u € [by, 1 — b,,].
2[n
The upper bound is minimized for b, =< T log(n)_%[ijl, so that

H,(u) = H, + Oy, (10g(n)“” b+ ) + O (log(n)n~ "),

A, (u) = H, + Oy, (log(n)7 10777 ).

Remark 2. Under the conditions described in Remark 1, the bounds of Theorem 1 and
Proposition 8 in the appendix can be extended to u € [by,, 1], u € [0,1—b,], and u € [0, 1],
respectively.

For the locally constant variant, i.e. [ = 1, this estimator is the same as considered by
Coeurjolly (2005) for the classical mBm. Central to this approach is the scaling relation
E(X2,)/E(xZ,) ~ 2°Mi/m and the estimator ﬁ(u) utilizes this by estimating the mean
first, and then taking the ratio. An alternative approach pursued by Shen and Hsing
(2020) is to take the ratio first, and smooth second. This leads to the local polynomial
estimator

7t 1 & 5522,11
Hy(u) = 5 > " win(u) log, 2 )
=1

©,n

Again, we may constrain the estimator manually to the interval [0,1]. It turns out
that this estimator leads to an improvement of the rate of convergence by a logarithmic
factor. Compared to the results of Shen and Hsing (2020) for the classical mBm, we
show that this estimation approach, when applied to the Ito-mBm, also works for less
smooth Hurst functions, n < 1.

Theorem 2. Under the conditions of Theorem 1, the estimator H’; satisfies

1

Hi(u)=H,+ O 1) +Op, | ——
100 = Hat 00 + 0n, (e

> +0 <log(n)n_(1/\")) :



The upper bound is minimized for b, =< niTlﬂ, so that
FAIJL(U) =H,+ Oy, (7{#) :

Remark 3. The estimator of Shen and Hsing (2020) achieves the rate O((n log(n)Q)_%%).
The logarithmic advantage can be attributed to the fact that they suppose o to be
constant in time. It may thus be estimated at a faster rate, and is essentially known for
the local estimation of H,, which allows for slightly better estimation of the latter. The
same phenomenon of logarithmically faster rates if ¢ is known has been shown for the
stationary case of the fBm (Brouste and Fukasawa, 2018).

Remark 4. The slower rate of the estimator }AIu is due to a logarithmically larger bias
of the estimator qgn(u) In particular, Lemma 3 in the appendix shows that Exin ~
n2Him Jf/nf H, /n(O), and since H appears in the exponent, differentiating with respect to
H to control the bias yields additional terms of order log(n).

3 Integrated parameter estimation

Another approach to treat the Hurst parameter nonparametrically is via the integrated
parameter

H(u) = /0 H, dv.

Interest in this functional arises because many hypotheses about H, may be formulated
in terms of H(u). For instance, the no-change hypothesis H, = H, for all v is equivalent
to H(u) = uH(1); monotonicity of H, is equivalent to convexity of H(u); and H, > H
is equivalent to H(ug) — H(uy) > H(us — uq) for all ug > uy. We will discuss these
examples in detail below.

A naive estimator for the integrated Hurst parameter H(u) can be obtained by
integrating the local estimator, i.e. H(u) = Iy H,(v) dv. However, as discussed in (Mies,
2021), this estimator will in general be asymptotically bias-driven. Instead, we employ a
generic linearization procedure which has been introduced in (Mies, 2021) in the context
of locally-stationary time series. To this end, we propose the estimator

lun| ~
~ 1 e n n
H(u) = - Z {Hn<%) Ta— AL } ;

t=2L 2¢n2(%) 2¢n1(%)

where H,, uses a kernel which is supported on [—1,0]. That is, ﬁn(%) only uses data up
to time L.
Remark 5. If t < [nb,], the one-sided estimators én(%) and ?[n(%) effectively use the

bandwidth % < b,. This is due to the boundary adaptation of the local polynomial
regression.



Theorem 3. Suppose that v |—>_¢9v = (ou, H,) is Holder continuous with exponent n €
(3.1], and that 0 < H < H, < H < 1 for all v, and 0 < 0 < 02 < 7° < 00. Suppose
furthermore that b,,, L, are chosen such that

1427
’)’L_%—H < b < nfjlrin fOT’ somer < (07 %)’

1 —6

nes < L, < n? for some 6 € (0,3),
n* < L, for somea > 0.

Then, as n — 0o

Vi(H(u) — H(uw) = / o) dW, £ W(/Ou (Hv)dv>,

in the Skorokhod space D[0,1]. The local asymptotic variance 7>(H) is defined in (9).

Remark 6. The condition on L, is rather weak, and any choice L, =< n® for some
a € (6, 2) will satlsfy the conditions. The choice of b,, basically needs to ensure that the

local estimator qﬁn( ) and hence H,(u), admits a sufficiently fast rate of convergence of

order O(n’i’%). The feasible range of choices for b, allows for this rate to be driven by
bias or variance, and may always be satisfied for n > %

We denote the limiting variance process by (u) = [ 7%(H,) dv. To perform sta-

tistical inference we may estimate this process via the plug-in method as f](u) =

LS, T (Ha (L))

Theorem 4. Under the conditions of Theorem 3, sup,ep 1 )E(u) — X(u) 5o

That is, the limiting process W (3 (u)) of Theorem 3 is approximated by W(i(u)),
which allows for feasible statistical inference. In the next two subsections, we proceed
to describe two specific hypothesis tests based on the estimator for the integrated Hurst
parameter.

3.1 Testing for constant Hurst exponent

The estimator for the integrated Hurst exponent can be used to test for a constancy,
that is, to treat the statistical problem

Hy : H, constant <« H; : H, not constant.

Rejecting Hy is interpreted as evidence that a model based on fBm is not sufficient,
and multifractional extensions need to be considered. This problem has been studied
by Bibinger (2020). Therein, the specific multifractional model, i.e. It6-mBm (2) vs
classical mBm (1), does not matter, because the process is stationary under the null.
Bibinger (2020) employs a CUSUM statistic based on the squared increments X?,n' The
test is applied to sunspot data, finding evidence for nonstationarity. A methodological



limitation of the referenced method is that it will detect both changes in ¢, and in H,,
and a post-hoc analysis is necessary to distinguish both types of changes. In contrast, we
would like to design a test which is only sensitive to changes in H,, while being robust
against changes in o,. That is, we treat the volatility as a nuisance. The relevance of
allowing for nonstationary nuisance quantities under the no-change null hypothesis was
first recognized by Zhou (2013), and further developed by Dette et al. (2019); Gérecki
et al. (2018); Pesta and Wendler (2020); Demetrescu and Wied (2018); Schmidt et al.
(2021); Cui et al. (2021). To the best of our knowledge, changepoint testing with nonsta-
tionary nuisance quantities has not yet been considered for continuous-time processes.
To test for a change, we suggest the CUSUM-type statistic

~ ~

Tovsom(H) = sup |H(u) — uH(1)].

u€(0,1]

Under Hy, and if the volatility function satisfies the conditions of Theorem 3, the statistic
VT (H) will converge in distribution to sup,c(o 1y W (23(u)) — uW (%(1))|. This can be
used to derive critical values.

Proposition 1. Suppose that the conditions of Theorem 8 hold. Let g,(«) be the 1 — «,
X -conditional quantile of the random variable Y, = sup,¢ 1 ‘W (i(u)) — uW(EA](l)) .
If H, is constant, then

lim sup P (ﬁTCUSUM(’;Q) > qn(oz)) < a.

n—oo

Alternatively, if H, is not constant, then

lim P (ﬁTCUSUM(ﬁ) > qn(a)) ~ 1.

n—oo

3.2 Application to goodness-of-fit testing

Let Go € {H :[0,1] — (0,1)} be a class of candidate functions for the Hurst parameter,
and we want to test the null hypothesis

H()IHGQQ <~ H15H¢go.

For example, setting Gy = {H, = av+b|b € (0,1),a+b € (0,1)} yields a test for linearity,
and setting Gy = {H | Jvy s.t. H is increasing on [0, v] and decreasing on [v, 1]} tests for
unimodality. We suggest to apply the test statistic

T(Go) = inf T(H), where T(H)= sup
HeGo ue(0,1]

H(u) — /0 uﬁ(v) dv

Under Hy, we clearly have /nT(Go) < nT(H) = SUDye(0,1] | [ 7(H,)dW,]|, and we
can use the quantiles of the latter as critical values. Importantly, we can estimate
the asymptotic variance function as in Theorem 4, which is also consistent under the
alternative. As a result, we obtain a consistent test.




Proposition 2. Suppose that the conditions of Theorem 3 hold. Let q,(«) be the 1 — «,
X-conditional quantile of the random variable Z, = sup,cp 1) W (5(u))|. If H € G,
then

lim sup P (\/ﬁf(go) > qn(oz)> <a.

n—o0

Alternatively, if H ¢ Gy and Gy is closed with respect to the uniform norm, then

lim P (\/ﬁf(go) > qn(a)> ~ 1

n—oo

An alternative goodness-of-fit test for the classical mBm and a singleton null Gy =
{H} has been suggested by Bertrand et al. (2018), based on a Cramer-von-Mises type
test statistic of the form Zle |ﬁn(%) —H (4)]* which they show to be asymptotically
normal if L = L,, — oo suitably as n — oo. However, they do not specify the constraints
on L,, making their test practically infeasible. Moreover, they suppose ¢ to be constant.

A Multiplier invariance principle

For the proof of Theorem 3, we make use of a functional central limit theorem for
nonstationary time series, developed in Mies (2024). To make this article self-contained,
we repeat the essential assumptions and the result in this section.

For iid random seeds ¢; ~ U(0, 1), and functions G, : R® — R? ¢ =1,...,n, define
the nonstationary array of time series X, ,, as

Xt,n:Gt,n(et)7 t = 1,...,7’L,
€ — (€t7 €t—1,- - ) € R,

Throughout this section, we assume that E(X;,) = 0. For an independent copy € ~

U(0,1), define also

€h = (€. €—nt1, Et—hy Et—p—1-..) € R™,

~ ~ )
€ih = (6t7 coo s €t—ht1, €t—h, €t—h—1 - - ) c R*™.

We first impose the following set of assumptions, for some I';, > 1 and g > 1:

1G1a(€0)llze + Y 1Gen(€0) = Grorn(€0) L, < ©uT, (A1)
t=2
max [Graleo) ~ Gual@on)lle, <Ou(h+ 1 (A2)
1
| 16 malen) = Gl do = 0. (A3
0

For non-random matrices g ,,, g, € R™*%, and random matrices g;,, € R™ % define



n
A= | S Gen = g1l
t=1

n
\Ijn = Z |gt,n - gtfl,nla
t=2

@n:tir%ax |gtn] + sup |gul,

""" n u€(0,1]
and formulate the assumption
1
0
Define the rate

=) 3

?qgj)7( ) 25
—1)(qg—2 3

X(QHB) - q(46—§)—27 1< 6 < 2
1 1 2
2 7 BfD 1< 6 S @7

and the local long run covariance matrices

2t,n - Z Gtn COV[Gt,n(EO); Gt,n(eh)]ggnv

Eu = Z Gu COV[GU(EO)v Gu(eh)]gg

Theorem 5. Suppose that i, is €_r-measurable for L = L,, and let (A.3), (A.1),
(A.2), (A.4) hold with ©,,,®,, = O(1) such that

n 22+ AL +ni 2L, = 0
(), + \Ifn)%1 log(n)n¢@? — 0.

Then

1 Lun]

SN X —E(X ) = [ S2aw,
S 2 o = B>

B Proofs

B.1 Preliminaries
For H € (0,1), define
yu(h) = |h + 12 = 2|n)*" +|h — 12 h € R,

10



Note that vy (h) is the autocovariance function of the increments of a fractional Brownian
motion with Hurst parameter H, and I'g(h) is the autocovariance of the corresponding
second order increments. In particular, if (o, Hs) = (0, H), then Cov(Xin, Xjn) =
n~ 21Ty (i — j). Moreover, we note that T'y(h) < |h]*H = as |h] — co.

We proceed to give quantitative bounds on the approximation error between the
nonstationary process and its stationary tangent process. The following Lemma is in
analogy to (Coeurjolly, 2005, Lemma 1) for the classical mBm. The notable difference
is that we do not require n > sup, H,, which is an advantage of the Ito-mBm model.

Lemma 3. Suppose that v — 0, = (0, H,) is Hélder continuous with exponent n € (0,1]
on some open interval I = (a,b] C (—o0,1], and that 0 < H < H, < H < 1 for all
v € (—00,1], and 02 <% < co. For any 0 = (0%, H) and £ € I, it holds that

TLQHEXZ” = o’Ty(0) + O (10g(n)”_n) +0 (HQ — 0 log(n)nﬂwie%‘”) :

For any interval I, the bound holds uniformly for 6 € [0,52] x [H, H].

Proof of Lemma 3. Denote t; = %, and oy = Hs — % Then, by Ito’s formula,
EXin = / 0'3 [(tz — S)(_)f_s — 2(251‘_1 — S)(_)f_s + (tz‘_g — S)(_T_S}2 dS
n-t;
— s\%s/n s\%s/n s\%s/n 2
=n 1/ 0 [t = 2)5" = 2t = 2)57 + (tia = 2)T77] 7 ds

— . Qg /p . Qg /n . Qg /n2
n2HS/"a§/n[(z—s)+/ —20i—1—8) "+ (1 —2—35)""] ds

Now observe that

000, 0)] < n~2p?4 p219),
91g(v.0)] < 0™ (1667~ A > [log(n) + | log(v)]]

We may thus bound

)| dv

KA
n

| 19t0.0) - gt0.6,
0

< [ lot.0) - gt0.0)
0
= Al + A27

n n

dv + / 19(0,0.) — g(v,0:_.)| dv
0 n

11



where, for some small ¢ € (0, 1),

Al S C?’Liz(

+ |0_2_O_2

K2
n

)

HAHL) [mg(n)m _H.

1—

a0 o0 - 0.6,
0

+/ 9(v,0:) = g(v,0:_+)|dv.

i_ v
1—q n n

)| dv

r
n

Using the local Holder continuity of v +— 6, we find that

| late) ~ g6, ol
0

3

< Clog(n) max n - / (2)" P EE A 0¥ log (v)| dv
0

s€[0,n—4]
< Clog(n)n=2n™",

—-ng
because n™ = — 1. Moreover,

1—q nl—q HG[E,i}

:/ (%)2ﬂv’5 dv+/ (%)QFU’E‘ dv
nl—q n

< C(n(l—q)(2ﬂ—4)—2ﬂ +nh

S C«n74+e

/ 19(v,0:) — g(v,0:_.)|dv<C sup n-2Hy2H-5 gy

Y

for any € > 0, by making ¢ > 0 sufficiently small. Since n € (0,1] and H € (0,1), the
choice € = 3 yields n=*t < log(n)n=2#-".
Hence, we have shown that

/ g(v,0
0

To complete the proof, we observe that [~ g(v,6) dv = n=2#°T ;(0). O

_v)dv = / g(v,0) dv + O (log(n)n *"~1) + O <H0 — 0
n 0 n

log(n)n_2H+2H9_9%“) .

3=

Lemma 4. Suppose that v v~ 0, = (07, H,) is Holder continuous with ezponent n € (0, 1]
on some interval I = (a,b] C (—o0,1], and that 0 < H < H, < H < 1 for all v, and
Ug < 5?2 <oo. Then for all 1 <i < j <n, such that + €1,

Cov(Xim, Xjm) = n Hima?, Ty, (i — )

+ O (log(n)n—QHi/n—(nA%)qZ- —jlv 1)Hi/n—%> .

For any interval I, the bound holds uniformly for 6 € [0,%] x [H, H].

12



Proof of Lemma 4. Denote t; = %, and oy = H, — % By It0’s isometry,

i

n

Cov(Xins Xjn) = / o’ [(tl —5)% = 2(ti1 — 5)8 + (tima — 3)0‘5]

—00

for 0 = j —¢. We observe that, for 6 > 1,
1D (v,6,0)| < Clog(nyn2 [07=3 Avf=3] - (v + 8)-3(1 + [log(v))
< Clog(n)n (5 v U)H’% [UH’% A UH’%] =: Clog(n)f(v,d, H).

Using the n-Holder continuity of v — 6,, with constant ¢, say, we find that

‘COV(Xi,n:Xj,n>_/ f(v,6,0:)dv
0 n

< Clog(n)/ [(2)" A1] sup f(v,0,H)dv. (3)
0 He[H,H]
|[H—H;/p|<c(v/n)"

We split the domain of integration into the three segments [0, 1], [1,n'74], and [n' ™9, 00),
for some small g € (0, 1) to be specified later.
The first portion of the integral may be bounded as

1

[1erag s Jesma

0 He[H,H]
|H—H,;/n|<c(v/n)"

1
< 2 Hynken” / vz gt =5 (1 4 |log(v)]) dv
0

n_>5

< C’n_”_QH"/" 6Hi/n+cn’

The second portion of the integral may be bounded as

nl—1q
/ [(&)"A1]  sup  F(v,6,H)dv
! He[H H]
\H—H, |<c(v/n)"

13



1—q

n
—n— ) —aqn ) _5 —qn 5 —aqn
S n=" 2H;jptcen / le/n-H] 5ten 5H1/n 5ten (1+ |log(v)|)dv
1
< n_n_2Hi/n5Hi/n+Cn_q"_% [1 + n(l—q)(Hi/n+77—%+Cn_q77)i|
< n—n—ZHi/n(;Hi/n-f-cn’q"—% [1 + n(l_Q)(Hi/nJ"n_%)] )

The third portion of the integral may be bounded as

/ sup f(v,0,H)dv
nl=®  HE[H,H]

|H—H;p|<c(v/n)"

< sup  f(v,6, H) dv

n'~9 HelH H]

S

_ 5 [g_5
sup n 2Hpf=2pH72 gy

n'~¢ He[H,H]

I
S~
8

sup (2)*"v™? dv

I
S~
8

n'~¢ He[H,H]
§/ (%)Qﬂv_5 dv + / (%)2Fy_5 dv
nl—q nl—q

p(U—0QH-4)=2H | v, (1-q)(2H-4)-2H

IN
Q Q

5
n 41— < O§Him=zp=2Him—e,

IN

The last inequality holds for €, ¢ > 0 sufficiently small. We have thus established that

COV(Xi,n;Xj,n)_/ f(v,6,0:)dv
0 n

< C’log(n)n*”*ZHi/wHi/n*%JFC"_‘”’ [1 + n(17Q)(Hi/n+n7%)i| 4 Op -0,

and using that § € [1,n],

< Clog(n)§"/»~3n 2! [n*" 4 (-0 (F-3) | n%+Hi/nf4<1fq>]
< C10g(n)5Hi/n_gn_2Hi/nn—(n/\%)'

To conclude the proof, we observe that fooo f(v,6,0)dv is the lag-§ autocovariance
of the second order increments at frequency % of a fractional Brownian motion with
parameters 6§ = (02, H). Thus,

/ f(v,6,0)dv =n"*"*Ty(i — 7).
0

In the derivations above, we assumed that ¢+ > j. For ¢ = 7, the claim is a direct
consequence of Lemma 3, with 6 = 0;,. O
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Lemma 5. Let the conditions of Lemma 4 hold, and define Z; ,, = (X?,m (Xin+2Xi—1,n+
Xifz’n)Q)T. Then

Cov(Zis, Zi) = n~ml S, (i = ) + O (log(myn =003 (i — j| v 12107
= O (0 Hn(fi = ]V 1)9),

where

3 Fyr(h? (Car(h) + Tar(h + 1))2
Eu(h) =2 <<PH<h> FTu(h— 1)) (2Cu(h) + Tg(h— 1)+ T(h + 1>>2) , hel

The bound holds uniformly for 6 € [0,5%] x [H, H].

Proof of Lemma 5. Define Y; , = (Xin, Xi,n+2Xi—1,n+Xi—2,n)T7 and introduce the matrix.

To(h) Ly (h) Cy(h)+Ty(h+1) ) '

(FH(h) +Ty(h—1) 2I'g(h)+Tr(h—1)+Tr(h+1)
Via Lemma 4, we find that
Cov (Vi ¥y) = n~ 20108, T (i = ) + O (log(mpn > D (i — jl v 1) 3

Note that the matrix Y (h) is twice the entry-wise square of I's7(h), and that [Tz (h)| =<
h?H=% Hence, Lemma 6 yields

Cov(Zij, Zjn) = n_4Hi/"af/nZHin(i -H+0 <log(n)n_4Hl‘/"_("’\%)(|i —jlv 1)2Hi/"_5) .

]

Lemma 6. For two centered, jointly Gaussian random variables X, Y, it holds Cov(X? Y?) =

ar 2
Cov(X, V)3t = 2 Cov(X, V)2

Proof. Write (X,Y) = (X,aX + Z) for a = Cov(X,Y), and Z centered Gaussian,
independent form X. Observe that for independent centered Gaussian random variables
X, Z,and a € R, we have Cov(X?, (aX+2)?) = a® Var(X?)+2adE(X3Z)+Cov(X?, Z?) =
a?Var(X?), and Cov(X,aX + Z) = a Var(X). O

Lemma 7. There exists a universal K such that for any two centered, jointly Gaussian
random variables X,Y,

[Cov(log(X?), log(Y?))] < K|

Proof. Since this specific covariance is invariant to rescaling of X and Y, we may assume
both are standard normal, with correlation p. We proceed similar to the proof of (Shen
and Hsing, 2020, Lemma 8.5).

15



Denote by H; : R — R the [-th Hermite polynomial (i.e. of degree [), and decompose
log(x?) = Y12, aH(x). Because log(X?) € Ly(P), the sequence ¢; is square-summable.
Moreover,

Cov(log(X?),log(Y?)) Z ciex Cov(H (X)), H(Y)).

Now use Cov(H;(X), Hy(Y)) = pFk!1(l = k) (Shen and Hsing, 2020, S.3.4) to find that
Cov(log(X?),log(Y?)) chpkk:‘

Because Cov(log(X?),log(X?)) < oo, corresponding to p = 1, we conclude that >, c2k! <
oo. This yields | Cov(log(X?),log(Y?))| < |p| Y. cik!
[

B.2 Local nonparametric estimation

The error of (En(u) admits the following asymptotic representation.

Proposition 8. Suppose that v — 91,_: (04, H,) is Hélder continuous with exponent
€ (0,1 +1], and that 0 < H < H, < H < 1 for all v, and 0> <5 < oo. If b, < n?!
for some q € (0,1), then for any p > 2,

\/%) + O (log(n)n~"7)

For any p, the bound holds uniformly for 6 € [0,5%] x [H, H|, and for all (b,,u) such
that u € [by, 1 — by,).

eGu) = 520 0) (i, ) + 0 g 7) + 0,

Proof of Proposition 8. Lemma 3 yields
B (i) = Z it = 3 w00, (0) + O (g~

> IE( QH“gbn > Zwmn (Hu=Hi/n) oL, (0 ) + O (log(n)n~ ") .

A Taylor expansion of the function i, (s) = n?H«=Hs)g2I';; (0), together with the prop-
erties of the weights, yields,

E (027 0,1(4) ) = pin() + O (b 1og(n) ") + O (log(n)n~1"")

The same bound holds for (En,g, hence

E <n2H“$n(u)) =0Ty, (0)- (22%%) +0 (log(n)n’(mn)) +0 (b log(n)m) ,
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and the bound holds uniformly in u € (0, 1).
To bound the stochastic term, we use Lemma 5 which yields

|Cov (n?:,(w) )H<n4Hu2wm )2y (1) | Cov (B, 65|

Z]f

C?
< n2 b2 Z Z ]l|%fu|§bn]l\%—u|§bn” COV(Zi,m Z]n)||

n =1 j=1

For |4 —u| < b, < n'7% and |£ — u| < n'~9, by virtue of Lemma 5,
| Cov(Zi s Zi)|| < C(li — j| v 1) 34w,

Thus,

1,j=1

1 [n(u+bn)]An 00

C
. . -3
SC’n%Q E E (li—7|v1) gnb .

" i=|n(u—by)|V1 j=—00 n

This establishes the upper bound on the stochastic term of g/gn(u) in Ly. To obtain the

bound in L,, we observe that ggn(u) belongs to the second Wiener chaos, such that all
L, norms are equivalent (Nourdin and Peccati, 2012, 2.8.14).

[
Proof of Theorem 1. Proposition 8 yields
() — L log, (22Huaeru<o> + O(log(n) ") + oLp<1/¢n—bn>>
2 97T 11,(0) + O(log(n) 1b) + O, (1//nby)
= %log2 (22H" + O(log(n)p7) + OLP(l/\/n_bn)>
=H,+ 0y, (log( )2[7211 n_2nn+1>
O]

Proof of Theorem 2. Denote a;n, = Ex;, and d;,, = EX;,. Then x7, L ;072 for
Z ~N(0,1), and X7, L 4;nZ?, so that Lemma 3 yields

Elog, ( X ) log, < > + [Elog,(Z*) — Elog,(Z?)] = log, (Z

= 2H7,/7’L + 10g2 (_(n/2) Z/naz n>

Z/naz,n

17



o'y, (0) + O(log(n)n_(”“))>
o’ T'w,,, (0) + O(log(n)n=(1"D)
= 2H,,, + log, (1 + O(log(n)n~ "))

= 2H,, + O (log(n)n="V) .

= 2H;/, + log, <

Thus, by standard bias bounds for local polynomial estimators, we obtain the bias bound
E(H!(u)) = H(u) + 017 + log(n)n~""D),
To control the variance, we use Lemma 7 to find that

(Z wzn lOgQ in ) < K Z |wz,n(u)w],n(u>| : |Cor(Xi7n7Xj,n)| :
ij=1

In the following, K is a generic constant which may vary from line to line. Lemma 4
yields

|Cor(Xim Xjn)| < Kli — P74+ Kli — I3 < Kl|i— 4],

which is summable. In combination with the boundedness and finite support of the
weights w; ,(u), we find

[m(u+bn)]

<Zwm 1og2xm>)SK S wawugau)(fi— g+ 1)

i,j=[n](u—bn)]

<o S W+ =00/,

Similarly, Var (31 w;,(u)logy(x2,)) = O(1/(nby)), which in particularly yields

Var (ﬁl(u)) =0 (%) :

B.3 Integrated parameter estimation

Proof of Theorem 3. Step (i): Denote tg = 2L,. We may write the estimator H(u)
equivalently as

|un)
7:2(?,6) = %Z {m(qzt,n) + Dm(&t,n) : (Zt,n - &t,n)} )

t=to

with

18



n2Ht/n 1
Zt,n = T(st,ny wu = FHu (0) : 2H, | > 2/}t,n - wt/n
Ut/n 2
~ n2Ht/n ~ —L ~
wt,n_ 0_2/ (b(Tn) fOI't:to,...,n, and ¢t,n:¢t,n fOI't:].,...,to—l.
t/n

Moreover, using the L, bound of Lemma 8, we have for any ¢ > 2 and ¢ = L +
[nb,], ..., n,

ln = e rall?, = © (log(n)? 621 + - 4 log(n)?n 20 ) < O (log(n)?n~477).

Furthermore, for t < 2L 4+ 1,..., L + [nb,], the local polynomial estimator effectively
uses the smaller bandwidth £ > L, hence

Hd;tn — ¢t—L,nH%q =0 (10g(n)2["](t*nLn)2W + 1L +log(n)?n 2(1/\77))

Moreover, ([t 1, = Pin]|* = O((Ln/n)*), and hence ||maxi—y, .n [0 — inlllz, =
1

O(na=)+ O((L,/n)"), for some € > 0, which tends to zero for ¢ large enough. Thanks

to this uniform convergence, we may restrict our attention to the event

1 R
An: {§wt,n§¢t,n§2wt,n7 Vtzlv"'>n}7

as P(A,) — 1 as n — oo. In this event, a Taylor expansion of m around zﬁt,n yields

lun| n

:—Z{ @thn ‘l‘Dm(,@btn) (Zt,n_"j}tn }—%Zm 'lvbtn +OP(Tn)

:_ZDT)’L wtn Ztn ¢tn +OP< antn ,lvz)th > +0P (%)’ (4)

t=to

using in (4) that the second derivative D?*m(¢)) is bounded in the specified neighborhood
of ¢, ,, and the special definition zﬂt,n =1y, fort=1,...,t — 1. By Proposition 8 and
our assumption on b, and L,, the latter term is of order op(1/y/n). Moreover, the
approximation (4) holds uniformly in u € [0, 1].

Next, note that the Holder regularity of H, with exponent 7 yields

lun] I_un
1 _
- }H: m(y,) = E :Ht/n / H,dv+O(n™"),

19



uniformly in u € [0, 1]. Since n > % by assumption, we have shown that

vn [ﬁ(u) } % Dm( %n (Ztn — Yen) + op(1).

By Lemma 3, [E(Zy,) — tyn| = O(log(n)n™") = o(n"2), and we obtain

Lun]

% Y Dnlen) - (Zin = EZin) + op(1). (5)

Step (ii): We now apply the multiplier FCLT of Theorem 5 to the leading term in (5),
with

Vi |[H(u) — H(w)| =

gt,n = Dm('@t,n)ﬂAna gtn = Dm(wt,n)y Gu = Dm(wu)a Y;t,n = Zt,n - EZt,n-

For this definition of g;, and §G;,, (A.4) holds, ®, is bounded, and ¥,, = O(n'™").
Moreover, Proposition 8 shows that

82 <03 (I = beralldy + 1Wern = 0nl)

t=to
Ly+[nby|
gc(log( V22" 4 L2n!- 2”) +C Y <log n)?(5e)" + Ln>
t=2Ly

<C (1og(n)2n%—" + L' 4 log(n)* 2222 4 log(nb, ))
=0 <log(n)2n%_r + Lnn1_2">

It remains to check the conditions (A.3), (A.1), (A.2) for Y;,. To write Y;, in the
form Gi,(€;) as in Appendix A, note that Y;, is a functional of the driving Brownian
motion By, see Definition (?77). Since all Polish spaces are Borel-isomorphic, there exists
a Borel-isomorphism ¢ : (0,1) — C[0, 1], and iid random variables €, ~ U(0, 1) such that
o(er) = [Buluepp1) = \/ﬁ[B% — B%]ue[o,l] = ¢(€), for a standard Brownian motion

B. With this notation, we may write

nH'L/n nHz/n Z/TL ~
Xin = / gi,n(s) st = Gi,n(ei)>

Ti/n gif —o0
TLZ. Hs*% i 1 Hsfé i 9 HS,%
gin(8) =0 [(E_S)+ —2(;— 593 T+ s)y ]
Gunler) =" / Gin(s) dB, it
niln / nti/n
= gi,n(s) st =i = / 9, n( ) st+( i)
Tifn kz:% (i—k—1)/n T Ti/n kz_% i—k—1 J
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© ik
=> / Gin(s) dBay (s

o Ji—k—1

= ZQ‘,m(Ej—k), Gt (0,1) = R, Grnlejr) € Lo(P),

- Os H,—-Hs _ )
Gin(s) = 2n"s 1 gls i, Hy),

n

Gils, H) = (=) 72 —2(—1—5)2 4 (—2—5)" 2.

In particular, the Bernoulli shift of the ¢; is equivalent to shifting the driving Brownian
motion.
Ad (A.2): The (xn(€;) are centered Gaussian random variables with variance

i—k
ngmkﬁmfz/ Gin(s)|2 ds

k—1

H —H,_ k)JrCn —5+Cn="

(k+1)

2H1 k: —544

< Cn
T (4 1) ,

gCn n

for & > 0 small enough, and n large enough. If H: < Hix, then ||Gra(€;)]F, <
C(k+1)57-5+0 < C(k+1)~3 for 6 small enough, because H < 1. If instead H: < H i,

n

we further distinguish two cases to obtain

2 (H;—H;_g) 2H ;_p —5+6 _
[Gopnleplt, < CEFDTETE T ke DTS k2t
s = &WW“@+U e k< ',
C(k+ 1)ﬁ 25“H%_5+5 k> ntd
C(k + 1)2-5+ k< n'd,
C%+N% Hﬂkzﬁﬂ
Ok + 1)~ k< nl=s,
<C(k+1)7?,

for ¢ small enough. In all cases, we have shown that for all ¢ > 2, and for some C = Cj,

3

1Gin(€o) = Gin(on)ll, < CliGinm(e)ly < Clh+1)7%,
|Gin(€o)llz, < C.

m

Now note that Y}, is a function of the éi,n(ei), in particular

B N N _ ét,n(ej)2 .
Yin = Ginle;) = ((Gt,n(ﬁj) +2Gi1(€5-1) + Gt2,n(£j2))2> ’ (6)
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and it is straightforward to derive
~ _3
|Gtnl€0) — Gt,n(ﬁo,h)HLq <Ch+1)2.

This establishes (A.2) with ©,, = O(1) and exponent 3 = 3.
Ad (A.1): Observe that

2

Héi,n(eo) — éi—l,n(eﬂ)

Lo
00 i—k
3 [ Jal®) — sl — D ds
<Cnm Ny (k1) (7)
k=0
B 00 i—k
+ Cn" ”Z/ G(s — i, Hs) — g(s — i, Hax) [ ds
g Ji—k—1 " "
< —k
<Ca 3 [ gl ) - gls Ho) s, 0
k=0 Y —k—1 !

To bound the latter integral, we exploit the fact that

d 1
Eg(s7 H) =1, log(_s)(_S)H_2

— 20,y log(—s — 1)(—s — 1)/~
+ 1oz log(—s — 2)(—s — 2>H7%7

d 1 5
_ < . H-1 H-5 '
g 0| < Ol og sl min (572, 13

Hence, the mean value theorem yvields some H, between H = and Hso1 such that

n

2

ds

—k —k
|l < gl o Pas < [ - P

k—1 —k—1

d _
d_Hgo’”(s’ H)| g,

—k TT
< Cn_Qn/ (1 log ] [Bucal =" + Lol ds
k-1

<On #(k+1)73

Using this bound in (8), and exploiting the Gaussianity, we obtain for all ¢ > 2

2

Hém(eo) — éi—l,n(EO)‘ < Cn™ 2,

Ly

Since ||Giinllr, is bounded, it is straightforward to conclude from this and (6) that

|Gin(€0) — Gifl,n(GO)HiQ < COn™2,
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and hence (A.1) holds with ©,, = O(1) and T',, = n' 7.
Ad (A.3): For u € [0, 1], define the limiting kernels

~ 0 ~
Gu(ej) = / §<37Hu) stJrja

(e 9]

and, in view of (6),

Then
HétunJ,n(GO) - éu(GO)HLq < CHéLunJ,n<€U> - éU(GO)HLQ

[un|
< / 1905 — [un), Ha) — frangn(s)|? ds

o0

2
0 - O_Lunyfrs Hun) —H [un]+s _
= g(S,Hu) - n n n g(S,H\_unH—s) dS
—00 O—Lunj n
n
0 2
<2 [ |gts. 1)~ gls. Huwpe)| s
— 00 n
0 O Jun) 2 9
un|+s H _H
n [un] lun]+s —
+2/ 1-— n n ‘g(S,HLunJ+s) dS
—00 O-Lunj oy

—1 2
<comec [ [Ey ] s (gl
—oo HEe[H,H]

-1

+ Clog(n)/ [(%)" A 1]2 sup [g(s, H)|* ds

—oo He[H,H]
o0

< On~ " + C'log(n)n~2" / |s|2+21-5 ds + C'log(n) / |s]2P=2 ds
1 n
< C'log(n)n=2"

because |g(s, H)| < C|s|"~2 and L1g(s,H)| < C(1+log|s|)|s|"~2 for |s| > 1. That is,
upon choosing 0 > 0 small enough, we find that for any ¢ > 2

1G Lunm(€0) — Gul€o)lz, < Cn7.
Again, this directly yields that
|G unyn(€0) — Gu(€0)|r, < Cn™,

and hence fol |G lun)n(€0) — Gul€o)||L, du — 0 as n — oo. This establishes (A.3).
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Rate constraints: In the previous steps, we have verified the conditions of Theorem 5 for
1

any q > 2, for g = %, and with T, < n'™ A% < log(n)?nz=" + L?m'=27 O, < n'=1

®, = O(1), ©, = O(1). Upon choosing ¢ large enough, we have £(q, 8) = £-% = %,

15—2
hence

(T + 0,) 7 \/log(n)n @) = n'5" \flog(n)n™s,

which tends to zero if n > i. Moreover, upon choosing g large enough, we have

n2A2 4+ A, L% +ni 2L, =0

0 for some § > 0, and L, < n'"

—=niT5 < L, < n?
Thus, we have shown that Theorem 5 is applicable under the conditions formulated in
Theorem 3.
Determining the asymptotic variance: The asymptotic local variance is given by

= Y 9. Cov(Gulen), Gulen))gl,

h=—o00

1 -1

The autocovariances may be computed as in Lemma 4, hence Cov(G,(€y), Gyu(€r)) =
Y, (h) as therein. Thus,

72( 4FH 2 Z 1,27 2 ZH(h) (2;11{)
N 2FH1(0)2 h;ﬂ {Ta(r)? + 27420y (B) + Ty (k= 1) + Ty (k4 1))°

— 272 (g (k) + T (h — 1))° + (T () + Ty (h = 1Y) |

—1 N 2 —4H _ 9
= TP hX_:oo (T (R)? + 270y (h) + T (h — 1) + Tu(h +1)) o
— 272 Ty (h) + T (h — 1))2},

]

Proof of Theorem 4. By Theorem 1, and as established in the proof of Theorem 3, we
have for any ¢ > 2
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Hence,

lun| lun|
1 1 ~ P
sup |—= > T(H(L) = = > T (Ha (L)) = 0.
wel01] | 557 Ly}

Moreover, continuity of v — H,, and L, /n — 0, yields

Lun]

sup / dv——ZT H(L)| —o.

u€(0,1] t—2L,,

]

Proof of Proposition 1. Convergence under the null is a direct consequence of Theorems
3 and 4. Under the alternative, the function v — #(u) is not linear. This holds
because v — H, is continuous, and hence H, can not deviate at a single point v. Thus,
SUP,e(o1] | (w) — uH(1)| > 0. Moreover, Theorem 3 yields |H — H||o = O(1/4/n) and

thus \/HTCUSUM(?A[) — 00 in probability, at rate /n. On the other hand, ¢,(«) L q)
as a consequence of Theorem 4. This establishes consistency of the test. O]

Proof of Proposition 2. The first claim holds because ¢,(a) — ¢(a) by Theorem 4, Where
q() is the 1—« quantile of Z = sup, |[W (f; 72(H,) dv)|, and \/_T(go) < \/_T( ) =

We proceed to prove the second claim. If G is closed, then QO {u— fo v) dv | He
Go} is also closed, and [ H(v)dv ¢ Go. Hence, SUDye(0,1] | Jo Hv)dv— [;'H dv| >0
for all H € Go. As \/_(H H) = op(1), this implies that \/_T(Qo) % . On the other

hand, Theorem 4 yields convergence of ¢,(«) to a finite number, establishing consistency
of the test. O
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